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Dedication January 13, 2021 …
Eli Maor is a gifted writer and a tireless researcher of mathematic, history, astronomy and science.
He is known worldwide. I owe him much, but most of all it is his deep understanding and the
many books he has written that intrigue me. He sees deeply and this is a gift that is not encountered
often.
I have known three such teachers. Dr. Abraham Nemeth, the first blind PhD mathematics teacher,
and inventor, Dr. Emily Pixley number theorist and great advocate of creativity and the most
insightful of all Dr. Eli Maor.
Thank you Eli for your understanding and the chance you took in coming to visit me.
Michael Sterling
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Preface
by Eli Maor
Anyone who has the slightest appreciation of music knows that music has many mathematical
elements, pitch, rhythm, scale, and so on. It also stands to reason that musical instruments should
incorporate some of these elements in their design: the length of a violin string determines the
pitch of its sound, the frets on a guitar follow a geometric progression, and the holes of a wind
instrument are determined by the laws of acoustics. But it is rare that a musical instrument is built
specifically according to mathematical principles. This indeed is the case with two stringed
instruments perceived, designed, and constructed by Michael Sterling: the Bernoulli and the
Bernoulli Involute.
I became acquainted with Mike around 2010 when I received an email from him describing his
newest invention, the Bernoulli. As an author, I receive many letters and emails from readers, some
interesting, others less so. But Mike’s email was different: he introduced himself as a fan who had
read all my books; he was particularly taken by e: the Story of a Number, which includes an
imaginary meeting between Johann Sebastian Bach and Johann Bernoulli, two contemporaries and
giants in their respective fields, music and mathematics.
Bach explains to Bernoulli his attempts to introduce fellow musicians to the equal-tempered scale,
in which the octave is divided into twelve equally-spaced semitones. In response, Bernoulli draws
a logarithmic spiral - a curve similar in shape to a nautilus shell - where equal rotations of the
radius increase its length in equal ratios. Setting this ratio to be 2:1 (in musical terms, an octave)
for each full rotation and dividing it into twelve equally-spaced radii, the notes of the equaltempered scale will be neatly represented as points on the spiral.
Upon reading this imaginary dialogue, Mike asked himself, why not transform the mathematical
radii into actual, physical strings, capable of emitting the correct notes of the scale? Here Mike’s
training as an industrial mathematician and his long career as an innovator sprang into action: on
a large circular base he superimposed a logarithmic spiral with a growth ratio of 2:1 with twelve
strings separated by 30 degrees radiating from the center. He then equipped the device with a
parabolic reflector and a transducer to amplify the sound - and a new musical instrument was born.
Mike named it the Bernoulli. He appended his email to me with a photo of his invention. The
instant I saw it I was smitten by its elegant design, and I decided to meet Mike in person.
In the fall of 2014 my wife Dalia and I traveled all the way from Chicago to the small town of
Southampton in the province of Ontario, Canada, on the eastern shores of Lake Huron. When we
arrived, Mike was already waiting for us at the small inn where we would stay. The moment we
met him, a friendship was struck that is continuing to this day and which has truly enriched my
life. I am constantly being amazed by Mike’s creative ideas, which included building a second
musical instrument, the Bernoulli Involute, a harp-like string instrument again based on the
geometry of the logarithmic spiral. Mike’s love for simplicity and elegance is apparent in all his
designs. I have no doubt that the music to be played on his novel strings will be as beautiful as
their visual appeal. Stay tuned!
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Forward
by Michael Sterling

The fascination for science and mathematics leads me to find authors and books to read.
My favorite author is Dr. Eli Maor. He has written seven bestselling books. Like all good
books on science and mathematics his have a loyal and devoted audience. The books mix
music, mathematics, art and science with narrative stories. Astronomy, the Cosmos and
Art occur again and again. He takes us right into the discoveries giving us hints of genius.
He is never heavy and always enlightening. His books stand out with only comparisons to
Eric Temple Bell’s ‘Men of Mathematics’ Eli’s books are much more engaging, but like
Bell, they integrate the people and the times.
Each of Eli’s books describes those who do great things from Pythagoras to Einstein. He
helps us understand the vibrating string and the mystery of an eclipse. He ties the stories
into geographic locations and the great minds of the time and place of their discoveries. He
often visits the sites of discovery with his grand wife Dalia. These journeys of discovery
enrich his stories making them jump off the page. One of the books that I enjoy immensely
is entitled ‘e: The Story of a Number’. I have read it over and over again.
When I met him for the first time, he noted that my copies of his books were worn from
reading and rereading. He graciously signed the book ‘e’ for me as follows:
Dear Mike,
Clearly you’ve studied ‘e’ more than anyone else I know. You may even
know the present book better than the author!
Best regards,
Eli Maor
September 15, 2014
‘e’, like all his books, is a tour de force of beauty and mystery. It is a treasure chronicling
a number most have never encountered.
I became devoted to all his many books published by the prestigious Princeton University
Press. I finally took the time to write him a note to tell him the joy his books bring. I had
never done such a thing before. No response came. I really did not expect one, but as
another year passed, I curiously wanted to make sure my note reached him. I asked a
Granddaughter to find him at Loyola University in Chicago where he was teaching. Nearby
my Granddaughter was in graduate school doing a double Masters. She too was
unsuccessful in her search for him.
I later learned that he and his editor had erected an ‘Eli Firewall’ out of necessity. He was
showered with notes and even threatened visits from those who had unusual ideas or
conjured up conspiracy theories. Evidently this is quite common with famous authors. He
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even had a knock on the door with a man appearing carrying a valise of mathematics
‘proving’ who really killed JFK.
From time to time I would think of my note never reaching its destination. Finally I
searched to find his editor. I sent her a short note with some things for the Professor to
consider.
Something in what I wrote made his editor think that Dr. Maor should read what I had
written. Within a short time, I got an email from him. He asked me if he could send what
I wrote to a colleague of his in Switzerland. I agreed.
Shortly thereafter I got another note from him asking if he and his charming engineer wife,
Dalia, could come and visit me. She is a person of substance and broad interests. She was
a Sergeant Major in the Israeli Army and an engineer. I was surprised they would travel
so far. They share their time between Jerusalem and Chicago Illinois. I live in a small
village in rural Ontario, Canada. It is a long way from their axis of travel. I was mystified
and thrilled to have them come. What he saw in what I wrote was a mystery to me at the
time.
Upon their arrival I showed them some things I had done at a Museum where I work as a
volunteer. I showed them a 17 foot sculpture and other shapes that I had done over time.
We share a love of geometry.
I remember one question he asked me. I had restored a lighthouse near the Museum
moving it from a distance. Heavy rain and snow that visit often have a good chance of
creating water trouble around the structures. I had made a so-called ‘French Drain’ with
a manhole cover at its terminus of about 3 feet in diameter. It allowed the water to enter
and be directed away from the Lighthouse and buildings to an adjacent body of water and
then on to giant Lake Huron.
I made the cover 12 sided for reasons you will understand later. Twelve sides is unusual
for a man-hole cover, I guess. In fact it may be unique. Most people just walk by it and
don’t notice the geometry and size. Eli saw it right away in geometric terms! Then he
asked me why I had not chosen 17 sides? Here was a question worthy of a full answer.
Was he testing me? Of course he was. By this time I knew he was probing my grasp of
some of the things he covered so well in his books.
Oh my, I knew what he was thinking. Very few would ask that question. In fact I have met
no other person who would ask that question.
The famous Carl Friedrich Gauss had in 1796 shown that a 17 sided polygon was possible
to construct using only an unmarked straight edge and compass. Gauss wanted to have his
solution honored geometrically on his tombstone, but it never happened. A similar story
concerning the great Bernoulli family is better known. The eldest Bernoulli, Jacob, wished
his tombstone marked with a logarithmic spiral. Sadly, it was falsely marked with an
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Archimedean Spiral. The number 12 and the spiral will appear again later in our story. A
Dodecahedron might play a role in the future too.
The sad Archimedean Spiral is shown on page 128 of Eli’s aforementioned book on ‘e’.
I now knew for sure I was walking with a man of exceptional depth and breadth. He sees!
I had to make sure I was careful in response to his questions. It was a joy to meet such a
man and I hoped to learn more from him.
He is a world authority on the history of mathematics and did his PhD in Physics with
specialty in the mathematics of acoustics at the Technion – Israel Institute of Technology..
He is also well versed in Astronomy and music. He wrote a fascinating book called ‘June
8, 2004 ‘Venus in Transit’. It is a charming book. Eli and Dalia are inveterate eclipse
chasers, but the book is about an even rarer event … a Transit. He also authored ‘Music
by the Numbers’ available on amazon.com.
He asked me many questions. It was like being interviewed for a graduate degree in science
and mathematics defending a thesis. He was a panel of one. He was testing my knowledge
of mathematics and the relationships created by patterns in music and art. This was done
so that he and I could have fun discussing all these fascinating byways of science and
mathematics.
For example, one of the questions he asked was about a hanging chain that we came upon
on our walk. I had installed the very old schooner chain to mark a walking path. It hung
as a Catenary. He asked me the name of the curve, its formula and who discovered it and
the story around the discovery. He asked me about famous examples of it like the arch in
Saint Louis Missouri which is an inverted Catenary. Of course the formula contained the
magic number e that we both cherished. I was lucky to know that too. I had of course
read his book on the famous number e, so it was within my knowledge base. It is also a
beautiful equation that should never be forgotten.
Many like questions were put forward by him. Music, Mathematics, History and Art were
at the heart of the questions. By noon, I guess I had passed the test and we were both ready
for an adventure of questions and answers that now has spanned years. I was somewhat
spent mentally, but I survived after a good lunch.
Eli and Dalia have come to visit a total of 3 times. He gave a lecture called ‘To Infinity
and Beyond’ based upon a book he wrote with that name before Disney chose it for a movie
title.
On their second visit I presented the Maors with a Sun Catcher that I had designed to depict
a little known projective geometry theorem called ‘The Theorem of Pappus of Alexandria.’
who lived from c290 to c350 BC.
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He and Dalia were walking toward me as I held up the colourful glass. He said without
prompting – “Dalia! Look, Mike has brought us the Theorem of Pappus!” Ah, what a
pleasure to know this couple. (Click Here for the Theorem.)
Recently, he wrote me a letter which convinced me to write this short book about some of
the things that engage me. Who could resist the elegant language he uses to convince me?
A Note from Eli Maor
April 4, 2020
Hello Mike,
We have now known each other for nearly ten years, and our friendship has enriched my life in
more ways than I can express in words. I therefore allow myself to suggest that you write your
involvement with the two Bernoullis in a booklet similar to Walking Euler’s Bridge. ( … a short
book I had written on a discovery I made long ago.)
I believe the Bernoullis are among the few cases in history where a musical instrument was
designed specifically according to mathematical principles. You could devote the first part of the
book to describe, in layman’s language, the basic laws of pitch relations, tuning, harmony, etc. and
the second part to the more technical details of your invention.
I urge you to give it a serious thought, especially now that we’re all being confined to our homes
due to the Coronavirus. If you follow this through, I’ll be glad to write a brief forward or
introduction. So be well and stay in good health - Eli
And so I have written as he asked. But before I go further, let me list a few of the books that
anyone reading this book will enjoy.
Some of the Books by Eli Maor from Princeton University Press
Music by the Numbers: From Pythagoras to Schoenberg
June 8, 2004 Venus in Transit
Pythagorean Theorem: A 4000-year History
Trigonometric Delights
e: The History of a Number
Beautiful Geometry and To Infinity and Beyond: A Cultural History of the Infinite
______________________________________________________________________________
How to Read This Small Book
The book is organized by Chapter. It also has references to internet links. They are very useful,
but you can read the text without them. If your links are live, read them along with the text.
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If the reader is using an online version of the booklet in e-reader format, PDF, HTML or other
compatible internet formats, the links to the reference material should be ‘ hot’ and can be reached
by holding down the ctl key and clicking on the link. We encourage the reader to use these links
to expand appreciation for the connection of music to mathematics. Some of the links download
a file that is usually in the lower left hand corner. It needs to be clicked to start the animation or
video.
I advise the reader to first look at the excellent BBC Documentary on the History of the Harp:
_____________________________________________________________________________

Acknowledgments:
Dr. Eli Maor and Dalia Maor for their insights and encouragements and above all understanding.
Dave Kuhl of Kuhl Machine Shop is my favorite place to go.
Ralph Kralik and Anne Carson for their long time support.
Harry Carson, the MacDonalds and Sandy Lindsay for suppling real music for some of my lectures.
Dr. James Jones, Computer Scientist and Engineer.
Longtime friend and engineer colleague Walt Siekierski.
Front Cover: The Bernoulli’s were known for their far ranging discoveries in Mathematics and
Physics. Of special note was their pioneer work in Probability and Statistics. I drew the title from
the wide realm of Chance, which they pioneered and Dr. Maor’s whimsical meeting of Bach and
one of the Bernoulli clan.
Back Cover
The Logarithmic Spiral and Music are extended to 3 dimensions. The dark lines represent the
strings and where the spiral crosses the strings represents the notes. This instrument will be
playable and I’ll make one some day.
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Chapter 1
The Chromatic, Diatonic Scales and Transpositions
The essence of Piano Music is made understandable by studying the physics of Pitch, Harmonics,
the Vibrating String and the Chromatic Scale. Dr. Elli Maor’s book ‘Music by the Numbers’
triggered my curiosity. I do not claim that I have mastered it all, not even a fraction of it, but what
I’ve learned allows me to design and make some new musical instruments and analysis techniques.
What I found may help others.
The search for the secrets of the vibrating string has a long history which has involves the world’s
greatest minds. This is highlighted in Eli Maor’s book ‘Music by the Numbers’. In particular
names like Euler, Pythagoras, D’Alembert, the Bernoullis, LaGrange, Taylor and others studied
the vibrating string mystery intently. Many disagreements took place as the theory of the Calculus
was used effectively. Dr. Maor calls these disputes “The Great String Debate, 1730-1780”.
The theory of the vibrating string is taught in most introductory courses in high school physics.
The study of the vibrating string is enhanced with lab work, which is easy to understand.
I can now enjoy music’s mysteries with a new depth of listening. This understanding was not
available to me in the past without immense amounts of study and bothering others. The later one
starts in life, the more work is required to master a subject.
I once became interested in a beautiful unsolved problem in Mathematics. Trying to dig deeper, I
moved from source to source, still not gaining any real insight. Finally, I noticed that most of the
authors referred to a man who they claimed framed the problem in its proper light.
Aha! I got his book and quickly ascertained that I would need a year’s study to reach ground zero.
Somewhat later I did come upon a book that opened the door for me to do some original work on
the problem. So too was my study of music enhanced by Eli’s books. I made little progress until
I read a book by Dr. Eli Maor. His book served as the impetus for this little book you are reading.
It is a great adventure for me.
Certain aspects of music were beyond my reach without total emersion and study of a year or more.
Many have asked me: Why should anyone care about the mathematics of music? Can’t you just
enjoy music for what it is?
That’s a legitimate criticism and make no doubt, it is a criticism. I’ve heard it before in other areas
and I bet you have too. There is a danger in being overwhelmed by going too deep as put by
Coleridge in his mystic and measureless dream. Yes all obsessions contain dreams… and all
dreams are measureless.
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In Xanadu did Kubla Khan
A stately pleasure-dome decree:
Where Alph, the sacred river, ran
Through caverns measureless to man
Down to a sunless sea. …

People say that they love music and are happy just listening. That’s ok with me too, but any
mysteries that I can understand without a full blown obsession taking hold allow me to enjoy Music
more. With Music, measureless dreams can come true.
If you ask me whether I would prefer playing the Violin, Harp or Piano at a high level as opposed
to more insight into the mathematics of music, I would answer that I surely would prefer to play
at a high level, but it’s a close race. I do not have any discernable talent to allow me to test that
dream and travel the sacred River Alph.
Everyone has their own secrets to further understanding. I will try to explain what to me was all
new. I will not attempt to go much further than the basics and the Chromatic Scale. You will see
that examining it is enough for a small booklet like this one. Once we have that mastered, we can
move on to the task of trying to make musical instruments that are truly Chromatic. We will learn
that there is more than one Chromatic Scale. There are an infinite number of them. That’s a long
journey. Instruments help us unravel dreams.
We examine something of interest. Looking at the small Triangle fools us. It
looks simple enough, but …. According to Wikipedia “It is theoretically an
instrument of indefinite pitch. It does not appear often in Orchestras, but when it
does, it makes an impact. This is an example of a rather maverick little instrument
that does not want to reveal its fundamental pitch. For a demonstration Click Here.

The Chromatic Scale
The Chromatic Scale is well known by musical people, but not that well understood
mathematically. It is sometimes called The Equal Tempered Scale. It is the scale for the piano,
not the Guitar. I have noticed that a scale was sometimes imposed on an instrument rather than
the instrument being designed and built for it. I will try to expose what I consider to be a natural
set of instruments for the Chromatic Scale.
In trying to learn about Chromatic Scale, I became confused because much of the literature mixes
in elements of the 7 tone scale and sometimes even the Pentomic Scale. This is all fine, but starting
from ground zero as I did, makes it all a confusion. Even the Diatonic Scale muddied the waters
for me. Look at this definition and you’ll see why.
In music theory, a diatonic scale is a heptatonic scale that includes five whole steps (whole tones)
and two half steps (semitones) in each octave, in which the two half steps are separated from each
other by either two or three whole steps, depending on their position in the scale. WOW, Really?
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To me the explanation was hardly helpful at first reading. Now, I understand what the words
mean. It is elementary. It is mysterious to the new student, however.
I will be repetitive while looking at different examples to insure that I’ve made things as clear as
possible. Repetition is helpful for me.
I’m sure it will bore those who already know what I’m describing. If so, you can skip to other
Chapters which talk about AVATARs and comparisons of different kinds of beautiful Harps.
I’ve found that some things need to be explained from different viewpoints in order to be
understood both by me and by others. If I cannot explain it clearly, chances are I don’t understand
it at all.
Unfortunately Music has a number of terms that cloud my understanding unless I am careful and
persistent in listening to those who know.. Why does this happen?
It is caused by how we learn and how music is played on various instruments. Music and the
instruments of it have evolved over more than 5000 years. People use words and keep on using
them even though they do not make sense to a person new to all this like me. What made sense in
the Diatonic Scale might not be clear in the Chromatic Scale. Like many fields of human thought,
we don’t go around updating our nomenclature on a whim. Oh no, old terms die hard as they should
and may never be discarded unless they somehow exhibit a fatal flaw.
I have to admit, I did take an elective course at University in Music Appreciation. I was an
engineering and mathematics student. I took the class out of curiosity. I thought it would be fun,
I guess, but then I soon learned that I knew nothing compared to others in the class. Students
normally don’t take an elective course that has the odds stacked against them. Grade point
averages are so important.
No matter, I was in the class. Professor Gnau told us on the first day that he would convince us
that we had better ears than brains. He was right and I enjoyed the class immensely. Somehow I
got an A by listening. Others much more in ‘tune’ with music, did not pay close attention and
missed what I learned. They thought their standard musical training would make the class easy
for them and hard for someone like me.
Friends of mine sometimes use words like ‘bright and dull’. The aforementioned Triangle
Instrument produces ‘bright’ sounds. When asked what meaning those words have in music, they
try to explain to me, but they don’t give definitions that I can understand. I have learned to listen
to their words, store them away and wait long enough to allow examples to create a category for
me. In that context bright makes sense. It is better than a word like crisp, but not by much.
They use other words equally opaque. Over time every second of which is precious, their terms
become clearer to me. What they say kind of ferments in my consciousness. What was good about
all this was my realization that using these words made my friends able to communicate to their
friends. I had to play catch up to come abreast of them. Sadly for me these same friends glazed
over when the subject even got close to the mathematics of music…. not so for Professor Maor.
The reader is urged to delve into one of Professor Maor’s books called ‘Music by the Numbers’.
It is available like his others from Amazon.
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As time goes by some of these words were used often enough to allow me to find my own
definition, which often matched theirs at least tangentially. Most of the time, the physics and
mathematics of music was not a part of the explanations they gave. I could bridge that gap
somewhat without them.
Somehow piano teachers and musicians have developed a very useful jargon. For example, why
are the piano scales called Octaves, when they are laid out in the Chromatic Scale in units of 12?
The 13th note is doubled in pitch or half the pitch of the note we are playing.
The word ‘Octave’ morphs and sticks in musical jargon never to be dislodged. I can now ignore
the obvious Latin and old French root for the word. We first run into it in explaining the scale. If
they had used the word ‘Doubler or Halfer’, I would have caught on quicker. This could apply to
any scale that uses harmonics or not.
I once designed a scale that was not harmonic, but was based upon the positive integers from 1 to
n, but especially ‘keyed’ to the primes and composite numbers.
A Strange Scale
Click Here for n to 101 and then Here for Bells and Trumpet. These are examples of some of the
‘music’ of this strange scale. Notice that Prime numbers have a beautiful clear pitch and highly
composite numbers have a ‘heavy’ sound. In the second selection the Trumpet introduces the
primes. This scale that I created is very rich and all sorts of music can be generated by it and from
it. Another interesting tune comes from Pascal’s Triangle.
There is no reason why I could not make songs using this scale. It would be highly unorthodox,
but quite interesting. If I listen to the ‘music’ of the primes, I feel as though it is something to
meditate by and with. The great Glen Gould once speculated on new music with new instruments
to augment the conventional. He thought they would flourish in the next 20 years. He died in
1982. No flourish is detectable. A slight breeze can be felt. It blows because of the wonderful
variety and invention centered in the microprocessors.
Think about the score for the movie ‘The Good, the Bad and the Ugly’ by Ennio Morricone. It
uses, strange to me, new instruments. It was composed before the movie was made! The score
was used during the filming to set the mood for the actors in their scenes. The composition is very
much a masterpiece.
With my little songs I have discarded ‘octaves’ altogether and brought the prime numbers into play
where the iconic primes serve to enhance and augment the sounds. The whole composition is
meditative and calming.
What do musicians mean when they describe a note or chord as bright or dull, harmonic, dissident
or even meditative?
When I first started on this dream adventure, I knew I liked music. I had never really thought of
how it was constructed and in what language it was written. I was awake enough to know it is
written in a very powerful language. Yes, I saw the symbols and flow of the language.

14

Going to school did not include much music. Like many Depression and WWII boys, I was in the
choir, but I was far better on the baseball field or running pell-mell across summer beaches. Being
in the Choir is stretching it a bit. I had a place to stand in the choir. I took up space because the
Choir Mistress wanted a boy standing here and a girl there.
All of us were in the Choir, everyone. It was part of the educational curriculum. They let anybody
in, but no one out. They made sure that we did not try to sing. That was left for the ‘perfect pitchers’
of which there were a precious few. I followed the notes going up and down with the people who
were actually singing. I learned nothing about notes and scales.
The words bright or dull now have meaning for me. I was very dull. I did not sing a note, much
to the relief of the Choir Mistress.
At first I was looking for a concise connection of bright and dull recalling my past. Did they
teach something about the vibrating string and I just dozed off and missed it? I now realize the
two words are just fine to explain what the human ear hears, but again not perfectly clear to me.
The best virtue the words have taught me is brevity. I now understand when friends use words
like that. Sharp is distinct from Bright as is Dull from Flat. It is all quite subtle.
I asked a friend of mine how he selected strings for his Dobro. He said that he buys a set of six of
a certain brand, throws out one string, moves another and then buys a single string as a replacement
for the one he threw away. I asked why he does that? He said honestly: “It sounds better to me!”
I’m sure he was right, but what made it so? I did not have an oscilloscope handy, but now I do.
When I have a chance, I’ll root out the Dobro problem with my friend and my scope and
mathematical tools and of course ears.
Another friend has been partially deaf since birth. He uses powerful hearing aids. He has a concert
grand piano and a good keyboard too. I plan on working with him on his grand piano and of course
with my AVATAR (defined later) and my ‘scope’. I’d like to run tests outside with the piano
sitting on the earth. Well, that might be a bit too much.
He is a gifted pianist. How does he hear? What does he hear? I’ve found that resonance is a
powerful force and can overcome hearing difficulties with palpable vibrations. I quiz him when I
can. He is selective about certain strings as he hears imperfections or feels them, He is particular
about certain pianos and keyboards too. We will need to brush up on Helmholtz and his studies
of how we perceive sound. You see his music comes out of the piano with a fundamental
frequency or frequencies. This powerful sound tries to ‘sync’ everything to it.
For example, the last note on the far right of the piano is called C8. My friend does not like the
note. It has a dull sound and a high pitch of 4186.01 vibrations per second called Hertz or for short
Hz. Is the note too high for his ears and mine too? I’m not sure. I think that the string(s) may be
too short or be made of the wrong material or a combination of both. The amount of tension might
be too much. C8 does not get many composers using it. Even professional piano tuners have
trouble with it. (See Expert Piano Tuner) It is not dull really, it is just clunky! Clunky is as good
as any word to describe it. My friend liked the word. It fit what he heard.
15

I wonder if C8 would be fine on an Imperial Bösendorfer piano of 97 notes instead of 88? It would
have ‘room’ to operate on such a piano with string length a bit longer. I’d like to hear it someday.
C8 might join the other high notes.

Figure 2
An Imperial Bösendorfer of 97 Strings
Click Here to view and hear a Concert Harp with the Little Russian Girl
I have had very accomplished musicians tell me that some of the words I don’t understand do not
make sense to them either. I now know that there is more than a kernel of truth in much of the
jargon, but I need long experience with the words in order to understand and let alone use them
properly and understand them fully.
What I’ve now come to is a compromise. I listen to the words and if they occur often talking to
trusted friends, I then take them seriously and I try to bring them to ground and remember them
and how they are used.
I wonder what I should ignore and what should I take to heart? I have seen some excellent music
teachers drilling their students on the 12 tone equal tempered scale on the piano, but not naming it
as such. They talk in terms of half tones and whole tones and much more like the key of D major.
I’ve been told that doing scale exercises is very good for the piano student. I’ve watched them
teach the fingering of the 12 tone scale where they use a number of fingers to obtain speed back
and forth thereby gaining muscle memory as they go. This repetition connects the hands with the
brain. The great pianist Vladimir Horowitz made all his master students do drill after drill with
scales. Due to the miracle of YouTube, I have watched him train his students in master classes.
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It is much like learning to type. At first we are discouraged, but later we can’t describe where the
proper keys are, but somehow our unconscious brain knows just where they are. It’s like the
10,000 hour genius in many ways. 5000 hours of practice won’t do it at all, but 10,000 will.
Somehow I got to be a better than average typist. Somehow too, I know where the keys are, but I
can’t tell you their location or pattern without looking. My brain knows, but stores the information
in a different way. If I by mistake, get my hands on the wrong keys at the start, I produce gibberish
like I was encrypting some message on the Enigma Machine. The typewriter does not transpose
the music of thought.
Some teachers go from one end of the piano to the other or they just concentrate near middle C.
In doing these exercises they rarely mention that the pitch changes are uniform. They go left and
right on the piano with pitch changing as they go. They talk about whole notes and half notes, but
never equal notes.
They can start and end anyplace, if they want, but I’ve noticed that most begin and end on or about
middle C, most of the time and then they go on with their exercises dancing up and down the scale.
A half tone is half of what? I asked early on in my education that very question. You can see the
depth of my ignorance with that single question.

From C to Shinning C
Figure 3
The 12 Tone Scale is shown starting at C and ending at C as the first note of the next ‘Octave’. It
is double or half the pitch of the first note selected depending on which way we are going. The
13th note is in the next ‘Octave’ and has double or half the pitch. So C to C is
1,2,3,4,5,6,7,8,9,10,11,12,13 notes. The 13th is in the next octave. Listen to Martha Argerich play
Octaves. Imagine what her exercises are in terms of speed and variety
Since we are going to study the chromatic scale, let’s agree that from now on we don’t have to say
double or half the pitch, when moving from octave to octave. Some people now use the words
Equal Tempered instead of Chromatic. Chromatic carries less information, but it is a beautiful and
mysterious word. It seems to me that it is easier to do scales and transpose on a harp because the
string layout is uniform and differentiated only by length and diameter. The harpist often colours
some of the strings to aid them. Red is C and Blue is F. But, thinking again about transposition,
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some Harps require levers and others foot pedals to do transposition successfully. These are known
as Lever and Pedal harps. Concert Harps are Pedal Harps.
Looking down at the harp strings with the Harpist’s eye position shows the strings are lined up
like fence posts on a farm disappearing in perspective. Distances are foreshortened. It’s hard to
differentiate them from the angled eye view of the Harpist. Using colour on some strings helps
the Harpist locate and orient themselves.
This has an analog on the computer keyboard. On F and J there are subtle slightly raised bars or
dots to orient the typist working in dim light or otherwise preoccupied. Most people never notice
them.
On the piano the black and white keys are laid out uniformly in a two-three pattern. They could
be equally spaced, but having them as they are helps in muscle memory and location of a base to
start playing. It is very effective. It also is impossible to change. A better system would be hard to
find. No need to ‘fiddle’ with new spacing. Some harps vary the spacing slightly as their reach
extends.
Think of Ray Charles, the blind musician. He easily found his way as does Stevie Wonder. When
sitting down, it was immediate recognition for Charles and his piano. So it is with any great
musician with any good piano.
I tried to google the question of why are keyboards laid out the way they are? I expected the usual
good answers. I got some terrible ones too, really a lot of them. We’ll ignore them. The layout
on the piano is very good for the 12 tone Chromatic scale.
Pianists move their fingers in and out sometimes for reasons that were not fully known to me.
Some say it is because it helps in finding themselves on the piano. Watching a gifted pianist play
is wonderful. They move in and out with their fingers. Take the time to watch their finger
placement. Also, symbolically you can listen to Liszt’s work and notice the movements that the
fingers must achieve. Note the use of the Archimedean Spiral. The log spiral grows too rapidly
for the animation.
Early on in my study, I decided not to pursue any course where I would have to ‘guess’ why one
way was decided over another. Music is an old Art and it has many paths worn deep to the present.
No matter how rough, I had to follow the suggested route.
My goal was to understand what would be a near perfect Chromatic instrument. If my analysis
was flawed, I still might show others what not to try.
Now let’s move on to the key the idea…
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Chapter 2
The Idea & Genesis
The ordinary Piano has 88 keys. They are given names. Each has equal importance. Black is no
different than white as far as pitch changes go in the Chromatic Scale. In fact the word flat is not
needed in our analysis. We do well with sharps and no flats. Remember, somebody’s flat is
another’s sharp in the Equal Tempered Scale. It’s a name like Bill or Jane. Our music is written
with both the words and symbols sharp and flat. There are other tunings for the Piano. One of
them uses the Railsback Curve for pianos. It is a subtle morphing of the Chromatic Scale. It’s a
matter of taste and it is hard to tune and maintain.
If we pick any adjacent physical key black or white, the difference between it and its immediate
neighbor going up or down in pitch is exactly the same as any other adjacent pair – white to white,
black to white or white to black. The pitch change is the same for all. They all change pitch by
the same amount moving up and down the scale. They go up in pitch by 5.964% and down in
pitch by 5.964%
G and G# differ in pitch by the 12th root of 2, which is the number .05964. Since this is so, why
do some piano musicians have trouble transposing music?
Transposition
Some very talented musicians have trouble because they need to have muscle memory to aid them
and they have not practiced enough in the transposed key. Jazz Musicians sometimes out practice
non-jazz musicians in transposition. Their Jazz practice is an exercise in multiple transpositions.
They can do it almost robotically, although Jazz is far from robotic.
Transposing to another key is, after all, in large part what Jazz Musicians do. If they have practiced
‘Clare de Lune’, extensively, they have all sorts of tactile and visual hints in their memory bank,
but not necessarily the transpose memory. They just move and vary the notes reaching multiple
keys.
I use muscle memory loosely. How they adjust is a combination of tactile feel and how their
‘musical brain’ adapts and stores repetitious movements. The black and white patterns help.
Without looking at the black white pattern, they can feel it because of the spacing and feel of where
the two/three patterns of the keys reside.
Dudley Moore, the pianist, musical parodist and comedian was once tested playing a composition
that he did not know and had never heard. He was asked to play using his sight reading of music
on a computer monitor. As he played notes were removed here and there.
Moore did not miss a note. He played right through the missing notes because he knew instantly
what would work and what would not. He saw the musical pattern as a mathematician does when
reading something new. They can eliminate possible choices quickly, much like singers learning
a new piece. This type of reaction is almost immediate. He sees, he qualifies contenders for the
note, applies probabilities and somehow selects the right note or a note so melodically well-chosen
that it just works.
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So piano muscle-brain memory is guided by past experience. It’s like a chess player sensing a
situation that occurred or partially occurred in the past. In an instant they rule out certain
combinations and in the case of music, they rule out certain notes or combinations, quickly coming
upon the only workable notes and then zeroing in on a likely winner. If they are wrong, it hardly
matters because the note will work in a jazz sense.
On a Harp with say 3 Octaves, it may be easier to transpose than on a piano. The Bernoulli Involute
musical instrument, which is not a Harp, but has some characteristics in common, allows the player
to transpose easily. The player can transpose right off one end of the instrument picking up at the
other end quickly. Piano players rarely need do this because they have 88 notes to work with
rather than 36.
Since the Bernoulli Involute or Bernoulli II has only 36 strings and not 88 keys, it is helpful that it
is easy to transpose. Because of harmonics and the Chromatic Scale, transposition is just like a
clock rotation. The visual clues abound as you will see.
In the case of the Bernoulli Involute some of this transposition helps to make variations in a Jazzlike sense.
Lever harps are hard to transpose because the player has to reach for the levers and use them deftly
turning off some and engaging others in quick time or all at once at the beginning. If the music is
transposed before it begins, then the levers can be preset. Some may have to change within the
music. Most all of the small harps use the Diatonic Scale that we will investigate.
Concert Harps use 7 foot pedals with 3 settings each for a total of 21 combinations. This is needed
because they usually have 47 strings and not 88 keys. Transposition takes a master to accomplish
anything with such an instrument.
The Chromatic Scale is Like a Musical Bank Account
You can think about the number 5.964% simply as a compound interest rate given by a musical
bank. Going up and down the scale is like borrowing money and receiving interest. Going up in
pitch increases our ‘musical money’ just like going down decreases it. In this example Pitch is the
currency.
Think about the number 1.05964… which is the 12th root of 2 plus 1. We multiply by that number
or the negative of it to go up or down. This multiplication produces the logarithmic curves in the
Bernoulli instruments. Of course 5.964% is a ‘handsome’ rate these days. Using it you can double
your money (pitch) by moving to the 13th note to the right.
If I use the lowest note on a piano which is to the far left, its pitch is 27.5 Hz or twenty seven and
one half vibrations per second.. If we multiply 27.5 x 1.05964 or that magic 12th root of 2 twelve
times we will double the pitch at the 13 note making it 55 Hz.
Going all the way to the far right on the Piano and playing the last note, we see that its pitch is
4186.01 Hz. It is called C8. It would be nice to have that generous Bank nearby giving out a small
fortune to the serious pianist who deposited $27.50.
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A Chance Meeting Again Recalled.
Doctor Eli Maor wrote about a chance whimsical meeting that never took place in his book e: The
Story of a Number. It had J. S. Bach searching for help from one of the Bernoulli brothers from
Basel Switzerland. His name was Johann Bernoulli. He knew a lot about the vibrating string. If
you work in Engineering, Mathematics or Science, you will run into the name Bernoulli all the
time. They were a gifted Clan.
I had a friend in graduate school. He was an all A student. We had a qualifying exam coming up
and he suggested studying together. I don’t know what happened, but he seemed to lose track of
these big names in science and mathematics. I counselled him to pay attention to any formula
that had a person’s name attached to it. It has to be important! He seemed to have sprung a leak
and it drained out all these names over years of study. As a result of this leak, he failed the exam.
He did not have a feel for mathematics and science as a part of history. This produced a memory
that seemed to lose context and personality.
Some think they are dealing with a single human being, when the name Bernoulli comes up so
often. To their surprise, they come upon the entire extended family of genius. Many still reside
in Basel, still there from the 17 hundreds. Johann’s eldest brother Jacob (1654-1705) was
fascinated by the logarithmic spiral and some of the others were dazzled by the mathematics and
physics of the vibrating string.
Because, Bach and many others wanted, on occasion, to transpose their music to another key, he
the Master, found that his work was audibly distorted and did not sound the same as the original
played in the key of the composers choosing. Vocal performers were often disappointed too. They
could adapt their voice, but not the instrument played to accompany them. The further the singer
or musician got from the native or original key in which it was written, the worse the distortion
got. The harmonics were involved. Johann had a solution borrowing from his elder brother Jacob.
To clear this up a bit more. What does moving the key mean? All it means on the piano is the
musician moves their hands left or right a certain number of physical keys on the piano.
That is, the intervals remain between notes and fingers, but the physical keys are different. They
have transposed their fingers on the keys while maintaining the same spacing between the fingers.
If they are playing the C Major Triad, they move their hands right or left while maintaining the
finger positioning of their hands on the keys. They can then dance up or down the piano.
It is enlightening to look at a computer generated animation of Liszt’s Hungarian Rhapsody again
as we have examined before. Please watch and listen to it. It shows how the 12 tone scale works.
Notice again that the person who animated the music is using an Archimedean Spiral because
every full log spiral rotation doubles the distance to the origin visually in the animation, so the
author used the Archimedean spiral. It should be done in the log spiral and all the octaves someday.
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Figure 4
Using Archimedean Spiral because of size constraints for 88 keys
Watch the Animation Again

Figure 53
The Chromatic Spiral from Eli Maor’s book ‘Music by the Numbers’
Being a non-musician and not able to read music quickly, I sensed both the problem and the
solution by looking at the simple log spiral graph in Figure 53. of Dr. Maor’s book. This was all
that was required. I noted that the straight lines coming from the origin could well be strings and
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that transposition was just a rotation of notes on a clock face or a movement around a circle. A
technical explanation is simple. It’s a parametric plot of a Logarithmic Spiral.
Transposition was now just rotation around (0,0) with the log spiral being a long curved fret. I
saw the spiral as a fret immediately. The spiral’s intersection with the fret gave all the notes
required. This first instrument I called the Bernoulli I. I wanted to build it as a kind of teaching
tool. It was important to have it embody music and the art of shape.
Bernoulli I is a large instrument. It is best played by 4 musicians. In doing so all they have to do
is move clockwise or counterclockwise to transpose. It can be done as a Chromatic dance.
In fact transposition is a mathematical area of study that can help us understand. It is called a
Group. and because it is a Group, the Bernoulli can take advantage of all the research that has gone
into Group Theory. See the many references on the net for more.
The operation done is a rotation CW or CCW. A group has simple rules under the operation of
rotation in our case. We don’t need CW and CCW. We can take one or the other because the
Group is like a clock utilizing modulo arithmetic. Using CW alone we can reach any note at any
time. All the elements in this Group are musical notes.
Some composers like Olivier Messiaen have used Group Theory to pioneer areas of 20th Century
Music. Helpfully, he reinforces our thoughts about transposition. He calls his technique “…
“modes of limited transposition”. He was, no doubt, thinking about Groups and Sub-Groups. To
get a better understanding consult Google. The instruments that I foresaw would be instructional,
leading the way to the connection between music and geometry. I have made 2 of the 3 instruments
envisioned and given a series of 4 lectures on the Geometry of Music using what I found. Dr.
Maor asked me to write this little book to inform others.
I now understood what musical ‘cents’ meant and why a 12 tone ‘octave’ has 1200 cents.
It was all clear in an instant. Cents are just a way of describing the difference of one pitch to
another. A good ear can hear the difference between pitches down to about 5 cents or 1/20 of a
note’s pitch moving from one note to another. Remember, an octave has 1200 cents and a note
just 100 or 1/12th of the octave. An Octave is a full rotation of 1200 cents. So a good ear can
resolve as little as 5% of a note or 5 cents on a musical instrument of equal temperament. If the
note is out of tune it will be out of tune by more than 4 or 5 cents to be recognized by the average
human ear. The first recognition of a bad note comes with a feeling of unease. When played with
good neighboring notes, the unease becomes more.
Good piano Tuners use a staccato playing of a note going lower by a note or higher and then lower
again.. They get a feel for a note to be tuned by listening to the changes and tuning of adjacent
notes in rapid succession. They often go up or down by 13 notes seeing whether or not the note
they are tuning is in a note with double, triple or half the pitch. Are these harmonic intervals all
in tune with each other? The staccato hitting of the note helps trigger the ear. It also helps using
an electronic tuner to do its job too.
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I now saw why the word octave did not refer to a set of 8 notes necessarily. In the 7 tone scale
the 8th note must have a pitch in vibrations/second that is double the first note. In the 12 tone
Chromatic Scale or Equal Tempered Scale the 13th note is double the pitch of the first.
The interval multiplier is uniform in the Chromatic Scale. The 7 tone scale does not have a
uniform multiplier. This is so strange to me, but it is what it is. You can see the discrepancy in
the ‘lumpy’ lines in the graphs of the non-chromatic scales. See Figure 10. I call it a wobble.
I saw that I could build at least 3 instruments, 2 of which are pictured. A fourth and fifth based
upon the 3D Dodecahedron and a simple cone are possible as is the spiral moved to the complex
number system in complex dimensions.
Please see the Appendix for these and other visualizations. The third is shown in sketch form and
is a simple design with each string parallel and growing from 3.2” to 24.1632” in string length.
More about Bernoulli III later. It will be for me with little doubt, the final instrument once this
booklet is complete. I will build it for fun. The string spacing will be uniform at a quarter of an
inch or a little more. Surprisingly the design is quite compact and it will be easy to play and
transport.
Because I will use the 12th root of 2 again as the basis for Bernoulli III, then a good design
will be possible and it will be fun to make, play and hear. A fully chromatic Instrument is
the goal. I will use proper Unit Weight, Length, Pitch and Tension too. I have gained a
lasting admiration for portability.
Tension is the great equalizer overcoming any discrepancy in design, string manufacture
or unit weight of the strings. In forcing a string to put out a given pitch makes the string’s
sound quality suffer.
A string should be in chromatic harmony to be effective. It is not useful to have dramatic
jumps in string tensions one note to the next. We will see this clearly when we study an
existing instrument. It’s important to get all these variables – Tension, Pitch, Unit Weight
and String Length right. If the harmonics and sustain are not correct, we will all hear it.
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Figure 6
Harmonic Waves Reinforce and Diminish

Figure 7
Harmonic Series
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How Modes Work
We have a wonderful explanation of Modes on a String that mimics Dr. Maor’s cover for
the book ‘Music by the Numbers’. The demo is all about modes and resonance.

Modes and Natural Frequencies
The cover of Dr. Maor’s Book ‘Music by the Numbers’ illustrates the way strings ‘Ring’
to their natural frequencies. See Figure 7 It should be noted that these modes are related
to the idea of Quanta so important in modern Physics. We must also recognize that from
this orderly journey from fundamental frequency to modes we also have to consider what
happens when we pluck a string. See I-Phone inside a guitar
We get all the beauty of the waves breaking up and producing the sound of a song. It is due
to the harmony.
Getting the most out of harmonics is absolutely vital for any stringed instrument made
now or in the past. There are overtones and undertones too. They really set the instrument
as special or not. We cannot put any string in just any position. The sequence matters too.
The growth in the unit weight of the string is staring us in the face.
An instrument can reach a pitch, but be off in timbre due to a bad selection of not just one
string’s tension, length or unit weight but a sequence of notes or notes played as harmonic
chords. I’ve noticed that the Bernoulli Involute is easy to tune and it stays in tune. It
never goes out of tune unless a child, cat or dog accidently bumps it. There are plenty of
those.
I was worried about the all metal construction of the Bernoulli Involute. Would it have the
elusive ‘Timbre’? Not to worry, the floor and even a simple wooden box to rest upon do
magic things.
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Timbre is a complex subject that includes things like sustain, partials, overtones and
undertones and more. The great wood instruments play in this rich field.
Good pianos, once tuned, stay in tune for a good length of time, if the temperature and
humidity are controlled. Strings need constant tuning at the start. They exhibit a ‘memory’
and must be tuned often to allow them to stay in tune and acquire a totally new memory.
Large harps are notorious for needing tuning. The stress undergone by a Concert Harp is
very large. Even with a stringed instrument like the Bernoulli Involute tension of over
1000 pounds is common.
There are no Harp professional tuners. Harpists have to learn to tune their own harps
because they so easily go out of tune. Harps, Violins, Mandolins and Guitars are made of
wood and they are subject to the atmosphere and the total buildup of tension which can be
more than thousands of pounds in a concert harp and tons in Grand Pianos.
I have noted that pitch and the quality of pitch vary somewhat with the atmospherics of the
day. This is called Acoustic Attenuation. It is well known by pianists and piano tuners. A
moved piano will be out of tune. A moved concert piano might take a week to allow it to
adjust.
Acoustic attenuation is a measure of the energy loss of sound propagation in media like
room air. It must be controlled in concert halls. It is almost as important as reflection and
feedback in inhospitable surroundings which occur with lots of flat surfaces. This involves
the powerful science of acoustics. It is well known that pianos and other instruments ‘ring’
from adjacent strings. On the piano this can be eliminated by the foot pedals.
I have purchased sound dampers made of foam in 1’x1’ panels. They help a great deal
with the annoying feedback that is easy to get in spaces that have a lot of flat, hard surfaces.
Everything in the universe vibrates. It’s just a matter of finding the right frequency. Once
found, life is much easier.
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Chapter 3
The Bernoulli I and Scales
We move to the construction of the Bernoulli Musical Instruments inspired by Eli Maor’s book:
‘e The Story of a Number’. Looking at Figure 53 in Chapter 11 of Dr. Maor’s book, I saw what
a new Musical Instrument might look like. I had no aspirations for it in a monetary sense. I knew
it could be an excellent teaching aid, however. A version of it could be drawn on a piece of
cardboard for instructional purposes. Better still scaled up, it could serve as a playable sculpture
with four players.
Over time, I have been involved with taking a new idea through research, development, branding,
marketing and finally selling. Sometimes Patents were applied for by organizations where I was
employed and on which I worked. It is a very long and sometimes tedious in the extreme. Since
I was there in the beginning of the computer revolution, it became commonplace for a panorama
of ideas to rush by. Monetizing ideas is what the public sees. That is a laudable and difficult area.
It is also boring.
I have no interest in going through that ordeal just to monetize what interests me. So much effort
is expended on relatively minor things limiting us in making new discoveries.
My attention was caught by Dr. Maor’s books and life. The subjects he chooses and the depth of
his research fascinates readers. The struggle to market an idea is no fun, but new ideas are.
It is wonderful that people find Dr. Maor’s work and learn so much from it.
On to ‘New Ideas’!
When a visitor first sees the Bernoulli designs, they regularly ask questions:
1. What are those?
2. How did you think of them?
3. What are you going to do with them?
For one, I explain the history of stringed instruments. I like to respond to two by telling the Eli
Maor story. The third is easy enough…. Nothing! I don’t have plans to exploit them in a time
consuming way.
As we have seen, Maor’s book engaged the reader in a hypothetical conversation between Johann
Bernoulli and Johann Sebastian Bach. It seems that Bach had a problem. Bach’s compositions
often used the 7 tone scale as did other music of the time. When he and others attempted to
transpose their music to another key, the sound appeared to be distorted in a subtle, but perceptible
way. The composition itself would then be out of tune. The further the transposition, the more it
differed from the original composition. He needed help and coming to the rescue was one of the
Bernoulli Clan and what a clan is was and is.
Jacob Bernoulli the investigator of the log spiral was so taken by it that he gave instructions for it
to be carved on his tombstone. Sadly, an Archimedean Spiral was placed upon his tomb and still
remains as shown in Figure 50 of Dr. Maor’s book on the number e. These tomb stone wishes of
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great mathematicians and scientists always seem to go astray. The poor tombstone artist realized
that the log spiral was sure to take up too much space. Therefore, a spiral with zero growth was
used instead. It’s a poor compromise. The spiral with no growth is the Archimedean spiral.
Johann Bernoulli surveyed Bach’s problem and proposed a solution based upon an obsession of
this his eldest brother Jacob’s work. Jacob had examined the Logarithmic Spiral in great detail. It
was a perfect solution for Bach’s problem as envisioned by the younger brother. So, let’s examine
the difficulty from an arithmetic and geometric standpoint. The reader should not fear. We are
dealing with arithmetic and not much of that.
We see seven tones shown below with the eighth note double the first in pitch measured in
vibrations per second. This was the basis on which music was created. The phrase vibrations per
second is shortened to Hertz or Hz.
In the list we see immediately that the ratios between notes are not constant. In fact they are
interesting and mysterious numbers like 9/8 and 16/15. So Bernoulli realized that if Bach wished
to transpose his music successfully, he must come up with ratios that have equal ratios. That was
clear, but how? Let’s not forget that we are storytelling, but it is a good one.
Major Diatonic Scale
The major diatonic scale consists of notes with frequencies in the ratios 1, 9/8, 5/4, 4/3, 3/2, 5/3,
15/8 and 2 relative to a key note. The ratios between adjacent notes are 9/8, 10/9, 16/15, 9/8, 10/9,
9/8 and 16/15. These notes are called C, D, E, F, G, A, and B or do, re, mi, fa, sol, la, ti.
Using Seven Tone Scale
Here below is how the ratios are used in a 7 tone scale starting at 264 Hz as an example: Please
note that 261.626 Hz is Chromatic Middle C of the piano which is 2.374 Hz different than the 7
tone scales’ corresponding Middle C. The integer ratios are shown in bold. Starting with 264 as
the first number. See below for the arithmetic.

264*(9/8)=297 the second number
297*(10/9)=330 the third number
330*(16/15)=352 the forth number
352*(9/8)=396 the 5th number
396*(10/9)=440 the sixth number
440*(9/8)=495 the seventh number
495*(16/15)=528 the eighth number
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We see that the 8th pitch is 528 Hz which is double the first pitch of 264 Hertz. This scale should
double every 8 notes and it does.

Figure 8
A seven tone scale.
The Seven Tone scale in Figure 8 shows ripples in its pitch graph for a sample octave as shown
above. Because of these ripples the music is difficult to transpose over many notes. Click Here for
the seven tones.
In order to understand transposition fully, consider a Harp of seven notes per octave and five
octaves. If we had a chord of 3 notes and wanted to move it to a higher or lower pitch, we may
land on an area unlike the one we came from initially. It’s like moving from a smooth highway to
a slightly undulating road. It may well be pleasing, but at the same time disconcerting. The
landscape of pitches has changed. We are now at the mercy of the wobble. The composer wrote
for a certain terrain, but it changes if transposition to another key is used.
In Bernoulli’s solution in the hypothetical meeting with Bach, the discussion might gave rise to a
series of musical instruments and not just a different scale. I saw this in Eli’s story by recognizing
the geometry. The scale can be changed from 7 tones to 12 tones. The wobble could cease to exist
as a result. See Figure 12.
The 13th note, then would be either half or double the pitch of the first depending on which way
we move. In the Chromatic or 12 tone scale each ratio is the same and it must be the 12th root of
two or 21/12. Why? Because the arithmetic is exactly like compound interest that we can grow at
the rate of 5.964% or as a multiplier of 1.05964
We can have a scale of any number so long as the multiplier doubles or halves as does the
chromatic scale. So, if we desired an 18 tone scale the multiplier must be 1 + 21/18
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String Number
1

Pitch in Hertz

Multiplier
1 + 21/12

27.5
1.0594631

2

29.135
1.0594631

3

30.868
1.0594631

4

32.703
1.0594631

5

34.648

6

36.708

7

38.891

8

41.203

1.0594631
1.0594631
1.0594631
1.0594631
9

43.654
1.0594631

10

46.249
1.0594631

11

48.999

12

51.913

13

55

1.0594631
1.0594631

The Chromatic scale for the first ‘Octave’ on a Piano
Below are the Bernoulli Octaves which correspond to piano Octaves 3, 4 and 5 starting with B
below High C and continuing to and including Tenor C at 130.813.
B5=987.767
F5=698.456
B4=493.883
F4=349.228
B3=246.942
F3=174.614

A#5=932.328
E5=659.255
A#4=466.164
E4=329.628
A#3=233.082
E3=164.814

A5=880.000
D#5=622.254
A4=440.000
D#4=311.127
A3=220.00;
D#3=155.653

G#5=830.609
D5=587.330
G#4=415.305
D4=293.665
G#3=207.652
D3=146.832
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G5=783.991
C#5=554.365
G4=391.995
C#4=277.183
G3=195.998
C#3=138.591

F#5=739.989
C5=523.251
F#4=369.994
C4=261.626
F#3=184.997
C3=130.813

Figure 9
A Plot of the 36 Note Chromatic Scale for the Bernoulli Involute from 130.813 to 987.767 Hz.
It is perfectly smooth
Shown below are plots showing the difference between the 7 tone Chromatic scale and the Diatonic
scale. We have taken one 7 tone diatonic octave. To do so, we simply take the nth root of two
and use it as the percent change going low to high on the scale. In general we can construct an
octave using any positive integer.

32

Pitch
500

400

300

200

100

2

4

6

8

Note

Figure 10
Wobbly Diatonic Scale
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Figure 11
Chromatic 7 Tone Chromatic Scale is smooth
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Figure 12
Both Chromatic and Diatonic 7 tone scales shown. Note the smoothness of the Chromatic
and the Wobble of the Diatonic.
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Fret Material
The Bernoulli I musical instrument would have to include a fret like material we see on guitars. It
must be imbedded in a circular top of a new musical instrument.
To see how scales can be built by purely geometric means please Click Here
I found that I could buy fret material in lengths of 3 feet and more. Frets have an interesting
construction. They are well designed, practical and durable.
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Figure 13
The Fret Up Close
The Fret with More Detail
The rounded T shaped end profile fixes the depth at which the fret will reside. The musician’s
fingers are sensitive to the rounded top. The fret material is normally pushed into a narrow straight
slot with enough length to cross a Guitar neck. The sharp triangle like barbs are there to fix firmly
the fret into the instrument’s basic material which is often wood.
At first I did not think I could form the fret due to the beautiful curving shape of the log spiral.
Crinkles or discontinuities could not be tolerated. I had a problem that was easily solved, however.
Once I looked closely at the fret, I saw that I could gently force it into a machined groove in the
shape of the spiral. It had to be perfect, so I designed the path of the spiral to have no flaws and
to be just the right depth and width. The barbs shown had to be perfectly placed to last. The barbs
would keep the fret in place securely forever.
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Figure 14
One of the Giant Mills at Kuhl Machine in Keady, Ontario
To cut the fret groove, we used a huge Numerically Controlled Machine with a tool changer and
machining tolerance of less than 1/1000 of an inch. This was no problem for me as I had done
machining of this type many times. It was easy for Kuhl. It was a first, however, using such a tiny
cutting tool.
The fret groove had the equation:
X=R*Cos (θ)
Y= R*Sin (θ)
R = a*e(ln(2)/(2))*θ
Where ‘a’ is the radial start distance from the origin

Figure 15
This Shell Mimics Approximately Three 12 Tone Octaves
For a tool we used a Dentist’s drill much to the amusement of the shop’s staff. It did its job
perfectly. The scale of the machine versus the size of the tiny dentist’s drill made everyone smile.
Using the tool changer we switched to other much larger tools to do details of the Bernoulli I.
Now it was my task to bend the fret material and push it into the machined grove. How could this
be done? I thought of using heat, but what temperature? I started with 98.6 F or my body
temperature.
This was an arduous task taking 8 hours to accomplish. I used my hands only keeping the fret
material warm so that I could bend it carefully without flaws. Doing work like that is an exercise
in patience.
The Bernoulli I
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+
Figure 16
Eli and Dalia Maor examine the Bernoulli I and a one string pitch tester I made.

Figure 17
The Bernoulli I Outside.
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Figure 18
The Bernoulli I showing the spiral fret, base and parabolic dish. The holes were all milled
on a Giant Machine at Kuhl

We next had to think about tuning machines. We used 12 of them. They were standard devices
used on any Guitar and readily available from Stewart-MacDonald.

Figure 19
A Tuning Machine
Twelve Tuning Machines were used for Bernoulli I and 36 for Bernoulli I and the future III. They
normally allow 15 to 18 turns of the knob to one turn of the string on its spindle. This allows very
accurate tuning and it holds the strings firmly.
I put a tiny microphone in the center hole and 6” up. It was placed precisely at the focal point of
the paraboloid which is shown above in Figure 20 The focal point is at plus 6 inches from the
bottom. I wanted the tiny microphone to receive the sound waves and concentrate them. The 24”
paraboloid was very receptive. It can be used for much larger instruments of the Bernoulli I type.
It can also roast hot dogs on a sunny day with the dog at or near the focal point.
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In testing on the outside deck shown in Figure 17 one sunny day, I went into the house to find
something. I was gone no more than a minute. When I came out the paint on the underside was
smoking. The noon day sun in the latter part of June is formidable.

Figure 20
24 Inch Parabolic Dish with 6” Focal Point and small access hole
I was amazed at what happened next. The sound was very powerful, too powerful. From the
position shown in the above pictures outdoors on the deck, the Bernoulli I could be heard 2 blocks
away. A friend soon came by. He had heard it at the mouth of the Saugeen River.
Playing it inside had to be accompanied with acoustic panels to dampen the sound waves that
would hit flat surfaces and garner feedback. I purchased a ProFX-12 professional mixer/equalizer
with many features. With it, I can tone down the power of the dish as needed. Only one pickup
was needed and I use one Piezo Electric Pickup Mic. No others are required.





I determined that The Diameter of the Bernoulli I needs to be a bit larger in order to allow
the distance from the bridge to the securing pin to be longer.
I want to make this instrument a teaching aid.
It is best played by 4 players outside where its power can be harnessed.
It also would be wonderful to make Bernoulli I much larger and debut it as a singing
sculpture. With that desire in the distant future, I pushed on to Bernoulli II or named
formally as The Bernoulli Involute.

_____________________________________________________________________________
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Chapter 4
The Bernoulli Involute Construction
We will now discuss the rationale and design behind some small Harps. My goal in designing the
Bernoulli Involute was to create a ’Singing Sculpture’ based upon the 12 tone Chromatic Scale.
It was not done to challenge the traditional Harp. The motivation for Bernoulli I was educational.
It illustrates clearly how geometry and the chromatic scale are one.
Bernoulli II certainly exploits the shape of the Involute and the Chromatic Scale. Bernoulli III will
demonstrate ease of play along with the 12 tone Chromatic Scale and portability too. It will be
much like a Zither with the geometry being that of the Chromatic Scale.
We endeavored to use the best engineering we could muster combined with the striking impact of
the shapes themselves. This is the same motivation that inspires all Luthiers. I am not a skilled
Luthier, however, so I have to learn many new skills and lean heavily on other’s writings. With
the Bernoulli family of instruments. I was on my own. I sensed that there was a slight opening of
the dark curtain that hides the theory of music from me.
I can, however, depend upon a study of mathematics to replace some of the Luthiers’ skill set that
I do not possess. I don’t meet many Luthiers, but I scour YouTube and the Internet for insights
into their skills.
An advantage that I do have is tied to Computer Aided Machining that I worked with for many
years. With it, I can depend upon upn extreme accuracy of .001 or less.
In line with the Bernoulli I, Bernoulli II was designed to highlight some unexpected features of
the Chromatic Scale and the Logarithmic Spiral. I wanted to show the relationship of Involute to
Evolute. The evolute of a curve is the locus of the centers of curvature of another curve (its
involute).
The Bernoulli Involute was an extension of the Bernoulli I and a predecessor to Bernoulli III. I
wanted the shape to be different from all prior designs having visual impact. “What is that?”
became the standard comment. when the Bernoulli Involute is first seen.
I used the basic theme of the logarithmic spiral, but this time extending it to use the Involute of the
log spiral, which is yet another log spiral. The result is shown in Figure 21.
Some viewers of Bernoulli I and II have suggested I find somebody to compose music for each of
them. I will do that when III is completed. Each of them has their own signature and sound. I
would not ask a real musician to compose for them.
The classic Harp always has the strings parallel to one another and has an almost triangle-like
shape along with a characteristic curve at the top called ‘The Arch’. This iconic shape was found
by archaeologists in Iraq after being buried for 5000 years. It is sometimes called the warriors
bow shape.
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I determined that the Arch is not the same in every harp. In fact the Arch shape seems to be always
there, but not exactly the same Harp to Harp. I still wonder about this. The Arch determines the
length of the strings, which is even more puzzling. String length is a vital part of harp design of
course. When the predecessor of the modern harp was discovered, it looked like a warrior’s bow.
The Arch of the bow gave it strength as well as a certain flexibility which is good for the timbre
of the Harp’s sound.
Note that this recognizable shape at the top of the Harp is a smooth undulating curve. The present
shape of a harp cannot be adopted to a logarithmic shape without changing the visual aspects of
the 5000 year old instrument. The logarithmic shape can certainly be achieved, however.
Bernoulli I and II are not strictly Harps because their strings are not parallel. Bernoulli III will be
much more harp-like, but with a strong visual connection with the Log Spiral.. (See Chapter 8)
It will be Chromatic in every way.
The Bernoulli Involute’s Striking Design
Every differentiable curve has an involute. Differentiable is a technical term used in the
Calculus. It can be thought of as smooth throughout. For example, sine waves are
differentiable, but the curve that defines a saw is not. The saw shape has discontinuities in
slope as shown here: /\/\/\/\/\/\/\/\/\/\/\
An animation of an involute is shown at this web site:

Figure 21
Mike Sterling and the Bernoulli Involute
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Before we proceed the reader is urged to watch the History of the Harp produced on BBC. It
chronicles a more than 5000 year old story in a single hour. The Harp is the same age as
Stonehenge. Did those who designed Stonehenge ever hear a harp? The Harp’s history helps
chronical civilization. Stringed instruments found on the Isle of Skye date to 2300 BCE.

Figure 22
Scot, Welch, Pict or Irish Harp on the Left and a much later Triple Harp on the right.
Note the three rows of parallel strings in the Triple Harp.
William Powell, who died in 1750 was Harpist for the Duke of Windsor and he played the
Chromatic Triple Harp. Notice the use of two logarithmic spirals, one turning clockwise and the
other counter-clockwise as a decorative feature on the Triple Harp.
The mysterious people called the Picts left no written record. Part of their legacy came in the form
of beautiful carvings. The history of these peoples variously called Scot, Pick, Welch, Irish and
Celt is fascinating. They were different, but seemed to have so much in common with their music.
Their music is shrouded in the mists of the time in which they lived. The BBC special brings all
this out. How the music was recorded for the future is fascinating. It shows a completely new
language of music. Again view the BBC special.
Were they once all the same tribe musically? Did they play a leading role in the saga of the Harp?
Do they share their stringed instruments and heritage with the Welch and Irish? Was the hidden
face in the above work of art done purposefully? Was the face hidden by part of a sound board or
chamber? Why are all the strings curved?
It’s a strange carving. It almost teases us with the shapes.
Whatever the origin is not as important as what the remote tribes produced themselves. Their
artistic nature was way ahead of their acceptance by the Romans and others. The Romans
considered them barbarians. But, did the Romans participate in the development of the Harp
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while they invaded and occupied the British Isles? What was their knowledge of the vibrating
string in Engineering terms? After all the Pythagoreans were fascinated by the mysterious ratios
of the plucked string as early as c 570 BC.
It is helpful to compare the engineering constraints of the Bernoulli Involute to a small Celtic Harp
of 36 strings. In doing so, we can highlight the goals and features of the designs. It is not our
intention to demean the beautiful instruments which we use for comparison. Also, we should give
credit to the standard Harp’s long and rich history. This is a crucial feature that will appear in
Bernoulli III.
At the beginning of all this, I was not concerned with the Engineering of the Picts and Celts. A
DNA scan has shown that my ancestors were residents of the lands of the Picts and Scots in the
low and highlands.
Did their skill exist as transferred over time from the shapes discovered by archaeologists? I do
not know. I was interested in the work of others. I have found that the origins of shape are always
close to the secrets of organized people. To understand the shapes they formed is to understand
them. We regularly study Art, Sculpture and Architecture. We should cast our attention to musical
instruments too.
How were these people constrained? To produce such art and music takes time away from finding
something to eat and a safe place to sleep. Living in a harsh land, they managed to create beauty.
When people have enough to eat, they have time to become musical and artistic, not before. How
much has war sapped the human ability to make art, science and music? It is my guess that our
wars have cost us a great deal, possibly never to be totally regained.
We know that war produces a focus on technology and sometimes science. Prolonged peace allows
a panoramic view of the future.
So, these musical creators were not barbarians, far from it. They had enough time for Art and
Music as the record of their accomplishments show.
But, what were these constraints that they labored to overcome? Correspondingly, what are our
constraints? It appeared to me that some key elements are:
The sound of each of the 36 tones I was studying had to be easy to tune, amplify and maintain.
The tension on each string had to be within guidelines. That is, the strings should be in no danger
of breaking due to high tension exceeding their design breaking point, but yet produce a pleasant
sound from string to string. I foresaw a total tension of something over 600 pounds. The string
lengths had to be generated by the 12th root of 2. I wanted to carry the chromatic scale all the way
through the design.
The Unit Weight of each string should progress as closely as possible to the growth of the 12th root
of 2 starting with the first and shortest string. Many purchasable strings have a recorded Unit
Weight in their catalogs, but not enough are available in proper progression. This can be overcome
by making die sets for new strings. Strings of different unit weight are made by aperture die sets.
Notice the picture below that is composed of a blue circle and a silver hexagon. The string is forced
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through the aperture’s shape. The hexagon shape is slightly larger. This will produce a kind of
welding of the circle and hexagon.

Figure 23
How close can we get to the ideal progression of the 12th root of 2? What are its effects? Care
must be taken to not repeat the UWs of the strings in a serial manner. For example, why should
we start out with seven strings of .025 diameter?
We can achieve perfection via a partnership with creative string manufacturers. This would allow
exactness in string selection by producing die sets. To hear what a full chromatic instrument would
sound like, we must engage a company like D’Addario .
Dies of this type can form the requisite shape quickly or do it over time. It is much like a
progressive die. Companies like D’Addario have the technology to do this. The image of the
package in Figure 23 shows the basic hexagon shape at the vertices thereby producing the final
result.. Notice that in producing the blue shape with the die will fuse the hexagon shape to the
circle allowing no slippage of the wrap.
The final string in our example is a small string of .007 in diameter as shown on the package.
The Bernoulli Involute has to have structural integrity so that it would not collapse or bend under
the required tensions over time. It had to vibrate, but not so much that one tone would disturb a
neighboring string in an abnormal way. Also, any untoward movement of that long arm of the
Bernoulli Involute under tension might change the tuned pitch. This must be avoided without
question.
Of particular concern was the first string which is the longest and the last string which is the
shortest. As you can see from Figure 21, the long arm of the spiral creates a very powerful moment
in the engineering sense. The moment is the turning effect produced by a force on the body, on
which it acts.
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The moment is equal to the product of the force and the perpendicular distance of the point, about
which the moment acts along the line of action of force.
The string that applies the most tension is the longest. It is called Tenor C at 130.813 Hertz or
vibrations per second. This string has a long 9 second plus sustain when plucked.
The instrument should play any pitch from B below High C to Tenor C. This gives sufficient notes
to play most musical themes. The playable notes are increased because of the easy transposition.
It spans Octave 3, 4 and 5 using the 12 tone scale and is extended below 3 and above 5 octaves.
As we can see easy transposition the range is increased dramatically. Let’s repeat that!
Transposition, if easy, allows more music to be played. In fact any piano music.
I made a full scale engineering drawing with all the details. I also made a profile out of wood in
which I showed the shapes to some of my friends who were engineers, mathematicians and
scientists.
All who examined the drawings were concerned about that long arm. I took their comments
seriously. The moment arm was staring me in the face.

Figure 24
Cross Section Showing Double Construction
To counteract the forces, a unique cross section was designed for the entire involute. I tried to
find a like shape to examine in a proper laboratory for strength of materials. I found none. I
did not want to do destructive testing on a beautiful shape.
I was alone with the problem and the beautiful shape, but I could calculate the forces and the
movements in a crude, but, I think, effective manner. I had to trust the calculations. A single
mistake could destroy the entire effort of more than 3000 hours.
You see, any movement of the long arm in terms of musical vibrations had to be allowed,
amplified and sustained. How much sustain would it have? I did not know beyond some tests
with a single string and using wood.
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Figure 25
Single String Tester
Too much movement would produce a variety of sounds that I could not predict. So I was
threading a needle using standard mathematics and engineering. I ‘invented’ some tools to do
further discovery. Chief among these was the AVATAR. After a while these tools began to
merge into a real aid to insight with a solid base in reality. The tools I developed could be used in
other projects and with other instruments.
I was betting on the nature of the Chromatic Scale. It was so elegant, it had to be right for use in
the Bernoulli Involute. It was kind of like Paul Dirac’s beautiful mathematics. If it was not
beautiful, it could not be right. He applied this test to all his discoveries including his Nobel Prize
winning work on Quantum Mechanics.
After all, Einstein followed that dictum too. If the mathematics was beautiful, then he felt he was
on the right track. For centuries this beauty theme has inspired music, art and science. But care
must be taken. Sometimes solutions are not beautiful and failures are. The Earth Centric theme of
Ptolemy are pretty, but dead wrong.
I did the strength of materials calculations and found that I could indeed count on the shape
handling the load. I was still worried about the shape of the vibrations themselves. Would they
be sustainable? Would they be crisp? What overtones and undertones could I expect? How about
harmony? Would plucking the harmonics like 220 Hz and 440 Hz be pleasing to the ear?
The interesting shapes consisted of an outer spiral of .75 thickness and an inner spiral of the same
thickness separated by cylinders. The material was high quality aluminum and stainless steel to
be machined on a giant 3 axis computer controlled milling machine with Tool Changer.
The
strings themselves created the Involute.
In addition a small plate was engineered to further increase the strength. This inner plate has
another use. It has to be included. It serves as a back plate for the reciprocating bridge pins.
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Figure 26
One of the 36 Bridge Pins with sharp groove to contain the string at an extremely precise
point.

Figure 27
Bridge Pin Contact. The rounded angle presses down on the rod Piezo or on the ‘hidden’
thin plate in order to generate vibrations. The sharp groove is hidden by my fingers
When a note is struck, the bridge pin vibrates imperceptibly. The vibrations are carried by the
structure to piezo electric pickups which direct the vibrations to an amplifier-mixer and on to
speakers. I can merge the Bernoulli Sounds with many other devices. For example, a 16 channel
FX can be and is mixed. It is easy to merge with other instruments too.
We can merge FX effects, other instruments and voice.
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Currently we can merge the following special effects:

Effect
Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Effect
Bright Room
Warm Lounge
Small Stage
Warm Theatre
Warm Hall
Concert Hall
Plate Reverb
Cathedral
Chorus
Chorus + Reverb
Doubler
Echo
Delay Fast
Delay Medium
Delay Slow
Pan Delay

Reviewing Designs
The design required that we keep a delicate balance between the visual sculpture-like instrument
and the strength that was required to hold it together. All harps must withstand this type of force
and still maintain a pleasing shape and tone. They all struggle to do so.
This deep look at strength is mirrored in the design of traditional Harps. They undergo as much as
2000 pounds of tension distributed over the strings, but all directed to the sound board.
The notes of standard Harps range from three octaves below middle C to three and a half octaves
above, usually ending on G. The tension of the strings on the sound board is roughly equal to a ton
A concert grand piano must withstand up to 30 tons of tension.
The example Harps that were studied in detail are relatively small and of low cost.
They have wide appeal due to playability, portability and economy. Some are easy to play while
others are not. Some have a beautiful rich tone, others not so much. The names Celtic and Irish
are used in the literature along with many, many other names. These instruments exist on every
continent and support many cultures. The Harp has a long and illustrious history over thousands
of years.
In order to go forward, I tried to review as many designs as possible. Obtaining the right
information is difficult because it often does not exist. Most master Harp makers work with and
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manage a design until they find a compromise that works. Once the design functions well, they
reproduce it many times over with modest changes. They don’t reveal their secrets easily. They
don’t experiment wildly. Their work then becomes a study in experience, finish and materials.
I chose for the closest comparison a small Celtic Harp because the data for it was available in
readable form. The example Harp has 36 strings as does the Bernoulli Involute. In the example
this Harp uses the 7 tone scale as opposed to the 12 tone Chromatic Scale. The example Harp is
not a Lever Harp.
In Lever Harps, the levers are used to change the tension on strings quickly thereby sharpening the
pitch or flattening it and thereby gaining more pitch coverage. This type of Harp adds complexity
because of the levers. The large concert harps use foot pedals which complicates the construction
immensely.

Figure 28
A Small Lever Harp Notice the arch.

Figure 29
Celtic Lever Harp. Note the small levers that change the string length.
The Tables for the Celtic like Harp in Chapter 5 were created by an expert Luthier. The Harp
shown in Figure 30 does not have levers. The designer cautions the reader to be very careful about
string selection.
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Chapter 5
Analysis and Comparison with a small Celtic Harp

The 36 String small Celtic-Like Harp of about 5 feet in Height with no levers used.

Figure 30
Celtic Harp without Levers
Example Celtic Harp Statistics:

String #

Note

Pitch Hz

Length

Diameter

Tension

Breaking
Tension

1

Bb

1864.655

3.150

0.025

6.661

22.092

2

A

1760.000

3.937

0.025

9.272

22.092

3

G

1567.982

4.843

0.025

11.134

22.092

4

F

1396.913

5.709

0.025

12.281

22.092

5

E

1318.510

6.496

0.025

14.168

22.092

6

D

1174.659

6.890

0.025

12.649

22.092

7

C

1046.502

7.480

0.025

11.835

22.092

8

Bb

932.328

8.858

0.028

16.524

27.712

9

A

880.000

9.449

0.028

16.749

27.712

10

G

783.991

10.236

0.028

15.602

27.712

11

F

698.456

10.827

0.028

13.853

27.712

12

E

659.255

11.614

0.032

18.550

36.196

13

D

587.330

12.402

0.032

16.787

36.196

14

C

523.251

12.992

0.032

14.623

36.196

15

Bb

466.164

13.701

0.032

12.907

36.196

50

16

A

440.000

14.567

0.032

12.999

36.196

17

G

391.995

15.354

0.036

14.507

45.810

18

F

349.228

16.339

0.036

13.038

45.810

19

E

329.628

17.520

0.036

13.355

45.810

20

D

293.665

18.780

0.040

15.036

56.556

21

C

261.626

20.079

0.052

23.057

95.580

22

Bb

233.082

21.457

0.052

20.898

95.580

23

A

220.000

23.031

0.052

21.451

95.580

24

G

195.998

24.724

0.052

19.621

95.580

25

F

174.614

26.575

0.052

17.991

95.580

26

E

164.814

28.661

0.052

18.644

95.580

27

D

146.832

30.906

0.056

19.955

110.850

28

C

130.813

33.465

0.060

21.317

127.251

29

Bb

116.541

35.433

0.065

22.262

149.343

30

A

110.000

37.402

0.076

30.210

204.167

31

G

97.999

39.370

0.080

29.438

226.224

32

F

87.307

41.142

0.085

28.804

255.386

33

E

82.407

42.913

0.091

32.000

292.713

34

D

73.416

44.488

0.096

30.378

325.763

35

C

65.406

45.984

0.100

27.952

353.475

36

Bb

58.270

47.441

0.100

23.613

353.475

Total
Tension

660.121

This Harp Maker strings his Harps with various materials from metal, wound nylon to wound
metal. Some Luthiers use gut or gut with metal wrapping combinations.
The Celtic-like Harp has 36 Strings which allow 5 Octaves in the 7 tone scale. It does not use the
Chromatic Scale at all and reverts to the older scale of 7 tones.

Celtic Harp String Length Graph
Note irregularities and changes in curvature.

Celtic Harp Pitch in Hz
Note the ripples in pitch.
Figures 31-32
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Figure 33
Eratic Tensions on Celtic Harp vs Bernoulli Involute

Figure 34
String Length for the Bernoulli Involute. The logarithmic growth and smooth curve with no
ripples compared to the 7 tone scale shown in Figure 29.

Analysis of Graphs
The graphs show the limitations and positives helped by or imposed on the 7 tone scale. We see
the need to control the size of the Harp and maximize the number of octaves without levers or foot
pedals. This Luthier’s design does all that. The use of pedals and levers greatly magnify the
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complexity and tuning difficulty along with more difficult playability. Pedal Harps are difficult to
transport too. So, the Luthier chose the simple way without levers or pedals.
Again, transport is a little mentioned consideration. Concert Harps are very expensive and very
large and heavy. They need special packaging or a well-designed small truck to transport them
over long distances or any distance for that matter. Using well-known cargo carriers is treacherous
and without heroic packaging it is open to damage. FRAGIL and DO NOT DROP markings are
ignored. Many musical instruments are popular because they can be transported easily without
damage. The Guitar is a good example. It travels well. Even it suffers some from size and this
helps popularize the smaller stringed instruments like the Mandolin and Violin.
Tuning
No Harp tuning profession exists because Harps need constant tuning so it must be done by the
musician. This is much like the violin, guitar and other stringed instruments. The Harp musicians
tune their own. Pianos are tuned by professional experts. They can be difficult.
The Harp we are analyzing is not a large harp. It stands just 5 feet tall. Concert Harps have 47
strings and are much larger. Concert Harps have 7 foot pedals with 3 settings on each pedal for a
total of 21 settings. The hidden cables and levers add to the complexity of size and weight.
Concert Harps are over 6 feet tall and weigh over 80 pounds. Due to the stress on the sound
chamber and sound board, much care has to be used in stringing and construction. Humidity and
temperature controls are often necessary for these very expensive instruments. Some of them cost
upwards of $180,000.
The Celtic Harp often has 36 strings of various types and sizes. It sometimes uses the 7 tone scale
spanning 5 Octaves. The number of strings vary slightly. It is important to their design to get as
many 7 tone octaves as possible given the total number of strings and size objectives.
The Bernoulli I, II, and proposed III use the chromatic scale exclusively which allows three twelve
tone Octaves in the simplest of designs. The Bernoulli III design is easily transformed into a much
larger stringed instrument. The new 36 string instrument will have a height of a little over 4 feet
and a width of somewhat over 2 feet. See Figure 32 for a schematic of the strings.
Every full turn of the spiral doubles the distance from the origin for Bernoulli I and II. Bernoulli
III grows in height. It is very easy to fit music into the Bernoulli’s 36 strings It is also very easy
to transpose.
Starting with the Celtic Pitch graph (top Right Figure 32), we see discontinuities in Pitch at every
Octave change. This appears as a ripple in the graph. Ripples are changes in curvature as the
centre of curvature switches from one side to the other in the curve. The magnitude of the ripple
must be minimized and eliminated altogether, but this is not done. The 7 tone ratios are much
loved by many musicians.
The human ear can detect some of these flaws. In Eli Maor’s fictional meeting of Bach and
Bernoulli, this was well explained. The greater the distance of transposition, the worse the effects
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on the 7 tone scale. To mitigate the ripples, the Harpist has to ‘play’ with the tension and use great
care.
The string length graph upper left in Figure 31 remotely mimics the shape of the upper part of the
harp, but its geometry adds little to playability. It is used for the beauty of the undulating shape,
but not for the wobbling curves that create it.
The vertical string ends form the curve at the top in the Celtic Harp called ‘The Arch’. Interestingly
this shape varies slightly from design to design. The bottom curve is a straight line at an angle
forming the triangular shape that is well known. Some think the overall shape originated from a
warriors bow. There are geometric discontinuities present in all parts of the design fundamentals.
They occur in tension, length, unit weight and pitch. This complication in traditional Harp design
is not easy to manage.
Tension
The most interesting curve illustrates the Celtic Harp’s Tension data. This curve is wildly
discontinuous. The dramatic changes are necessary to reach the tuning objective for each string.
The curve gyrations are caused by the designer trying to adapt the strings to the pitch required.
I do not have enough data from example Harps with all the elements required to make a precise
prediction, but I find it hard to find justification for the selections.
Was the designer aware of these dramatic tension changes? The answer must be yes because they
are listed in his table of key dimensions and Unit Weights. Although Unit Weights are preferred,
we see that diameter is more often used. The visual impact when the tension is graphed, is stunning
and surprising. At this stage in the process of making a Harp, the designer is faced with a decision.
When the designer has made many Harps, they learn how to ‘juggle’ the parameters to achieve,
what after all is their goal. They want clear and rich pitch and manageable tension and beautiful
timbre. Here we go again with these key words. Using define: timbre in Google search we come
up with this interesting explanation:
Terms we might use to describe timbre: bright, dark, brassy, reedy, harsh, noisy, thin, buzzy, pure,
raspy, shrill, mellow, strained. I prefer to avoid describing timbre in emotional terms (excited,
angry, happy, sad, etc.); that is not the sound quality, it is its effect or interpretation.
Just imagine the selection process. The Luthier has to have enough strings together to try. The
Luthier at this stage is trying to get a workable instrument. Completing just a few strings is not
enough. All of them must be pleasing to his or her ear.
To repeat, if it has been done before, the Luthier just wants to get the design set and the instrument
finished. It is very time consuming without an overall plan that can be quickly tried.
What happens in the example Celtic Harp is that all the prior choices of strings, string length and
composition seem to be fighting each other when we graph the tensions. It is probable that the
shape of the Harp is not tightly wed with the other variables.
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It is most probable that the Harp Maker used at some time the well-known Luthiers’ Equation or
a variant of it. Mathematicians and Engineers have known it for a very long time. Brook Taylor
and the Bernoulli family knew it. Luthiers use it to check tension fearing its destructive reputation.
They don’t seem to use it to define pitch or so it seems.

Luthier’s Equation (Taylor’s Formula)
T (Tension) = (UW x (2 x L x F)2 ) / 386.4
UW is unit weight in pounds per linear inch
L is Length of the vibrating string in inches.
F = Frequency in Cycles per Second Hz or Pitch
386.4 is the acceleration due to gravity

If you read the string catalog by D’Addario Inc. the string makers, you will see that UW is given
for some strings, but not all. This family business of string makers has been doing their art from
the 1600s. This has been verified by Baptismal records in Italy where occupations were listed as
‘String Maker’.
If we examine the Celtic Harp tables, we see the use of the same string too many times. For
example, .025 diameter was used for the first seven strings of highest pitch followed by .028 for
the next four strings and then eight .032 diameter strings. This is entirely the wrong choices and it
is reflected in the Tension comparison graphs.
The use of the same string diameter so often adds to the difficulty of the entire design. It will tend
to force dramatic tension shifts to achieve the pitch. And guess what? We see exactly that. Also,
the quality of the note and overtones will vary especially on the boundary where one diameter
replaces another. What is required are diameters and hence unit weight gradually changing from
string to string.
We can have some sympathy for the designer facing these obstacles and the immense number of
possible combinations, not just diameters, but also materials used. All these combinations are
closely tied to each other. A change in one influences the combination. Testing is difficult when
faced with dramatic shifts in tension which are caused by the other variables.
Also, some designs require a change from nylon or gut to metal. The transition over those areas
are particularly sensitive to altering what some call Timbre.
Also, stringing again and again is time consuming and prone to fatigue and error not to mention
expensive where we move and insert new strings to try. To get a proper tune, the Harp must be
tuned over time as new strings have a ‘memory’ of only the package they came in and not the
tensioned environment they are asked to enter.
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Figure 35
Unit Weights for the Ideal Chromatic Scale Instrument of 36 Strings is shown in Figure 35. Note
the magnitude which is very small.
To achieve ‘perfect pitch’, tuning machines allow 15 to 18 turns and sometimes more of the large
knob to 1 turn of the wrapping of the string around the small rotating post. Some, like the
Steinberger tuning machines have up to a 40 to 1 ratio.
These are the so called tuning machines. They are used on most all stringed instruments. Harps
have different pegs in order to tune, as do pianos. The Bernoulli’s use the precision Tuning
Machines. They allow gross movements to be reduced to fine movements. This precision is
controlled by the gear ratios that are possible.

Figure 36
Tuning Machines Showing Gearing

Tension Change Concerns and Shapes
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It is surprising that the designer of the example Celtic Harp settled on his selection of strings.
The use of so many strings of equal diameter rather than trying to vary them roughly to correspond
with the growing or lessening pitch and tension is troublesome indeed. The smaller diameters/unit
weights are for the higher notes, while the larger diameter and therefore the heavier unit weight
should be assigned to the lower pitch. In the case of the Celtic Harp, the unit weights are substantial
in the lower pitch regions.
Using the 12 tone pitch, it is best to have the string diameters and hence unit weight increase or
decrease as the 12th root of 2 or nearly so. For the seven tone scale, the ratios are not perfect. If
we have them ordered in some sort of progression that grows from small to large without too many
repetitions better results are achieved.
Clearly the designer of the example Harp must have been concerned with tension. The designer
recorded the tension and must have had good instruments to measure it. I think that as pitch goes
from high to low the designer should have used as many diameter changes as possible. Ideally use
strings that are in relation to the 7 tone scale ratios with more gentle changes in tension. The
designer of this harp has not done that. His way is the classical way. If this small Harp were
produced in volume, it would be daunting to tune and the time to do so would be prohibitive.
Selecting String Diameters

Figure 37
Strings Used for 36 String Harp. To read chart note that there are 7 diameters at .025
We see some strange selections for the 36 String Celtic Harp by the example Luthier. These
selections are shown starting at the left where the first 7 strings in a row have a diameter of .025.
Why did he do that? There also are six .052 strings in a row. Why? Only when we reach .056 do
we use single string diameters.
Here we come upon the core of the difficulties in stringing this small Harp. In no way should the
designer start with seven like strings in a row. What he is doing is coaxing the strings to produce
the right pitch by fiddling with the tuning machines and thereby the tensions.
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The example Celtic Harp does not have tuning machines, he uses pegs, which are not as precise
The tension value from string to string should be much smoother. This makes tuning difficult and
is the single most powerful influence on the erratic graph of tension shown in Figure 33 It is
more than an erratic graph. It almost looks chaotic. This particular tuning will be delicate and
difficult to maintain.
A Method of Selection
One way to approach the Luthier’s Dilemma is to begin at the highest pitch, smallest diameter and
shortest string. The string in question is 3.150 with a diameter of .025. Select that string’s UW or
Diameter first. Starting with a heavy UW or diameter in the beginning forces the end tensions
and diameters to be too large.
It is best to wed the first string length to the lightest string and get that pitch to work well. The
AVATAR , ( Chapter 7) allows that degree of testing to take place without use of the real Harp.
Below is a table and graph showing how diameters could be used. Note that we do not have all
the unit weights that we might desire. Ideally, we use the 12th root of 2 multiplier to produce
UWs. Unless we use our own string dies, we cannot be too precise with the UWs and therefore the
diameters. We must be able to select custom UWs
The small Harp designer has used and adhered to an old and well-conceived tradition producing a
recognized design over a long period of study and experiment. The question we ask ourselves is:
Why are we faced with making the choice of the Diameters involved? It is definitely a mistake
of some magnitude.
String #

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

Celtic Harp
Actual Diameter
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.028
0.028
0.028
0.028
0.032
0.032
0.032
0.032
0.032
0.036
0.036
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My Guess
for Celtic
diameter
.020
.021
.022
.023
.024
.024
.025
.026
.027
.028
.029
.030
.030
.031
.032
034
.035
.036

Bernoulli
Involute
Diameters
.014
.017
.018
.019
.020
.020
.021
.021
.022
.023
.024
.025
.026
.026
.028
.028
.029
.030

19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

Celtic Harp Bb6
Bernoulli
Involute B5

0.036
0.040
0.052
0.052
0.052
0.052
0.052
0.052
0.056
0.060
0.065
0.076
0.080
0.085
0.091
0.096
0.100
0.100
Length
3.150
3.200

.039
.042
.042
.045
.049
.052
053
.056
.059
.060
.060
.062
.062
.064
.064
.066
.066
.070

Pitch
1864.655
987.767

.031
.032
033
034
035
036
037
038
039
040
042
43
044
046
048
049
052
054
Tension
6.661
4.344

Diameter
.025
.017

First Selections Comparing Lever Harp and Bernoulli Involute
Notice that the first strings are almost the same length, but the diameters are quite different. The
pitch demanded by the Celtic Harp is about double that required by Bernoulli Involute: 1864.655
to 987.767 Hz. This first string with highest pitch is the crucial decision. It dictates all that follows.
I have not played Bb6 on the Celtic Harp, but B5 on the Bernoulli has the following characteristics;



The pitch is clear. On an Oscilloscope the wave shape is pronounced and regular.
There is a clear sustain which is unusual for such a short string.

The sample Harp no doubt plays beautifully. It may be difficult to achieve long sustain and stay in
tune by all that can be gathered from the graphs produced from the data supplied. With experience
all the difficulties can be overcome, but the process is tedious and fraught with error. Without a
process the Luthier, might, after tedious testing accept anything that works, meaning that which is
on pitch. The early selections begin to narrow the later selections.
These selections of string type and diameter must have been made by trial and error and especially
experience along with some formulas to help stay clear of breaking strain. Some harps use nylon,
wrapped nylon and some metal wrapped and unwrapped. Sometimes all this in a single harp.
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Almost all harps are recognizable by the beautiful curve at the top called the Arch and the fact that
the strings are parallel. This top curve garners a lot of discussion in the literature and on the
Internet. Some discussion is good and some just speculation and others just wrong.
This curve at the top of the Harp, ‘The Arch’ is partly due to the parameters involved and also
long tradition.
I was not surprised by the shapes shown, but I was astonished by the tension curve. It shows
dramatic discontinuities. For ease of tuning and permanence of the tune, the Tension Graph should
be as smooth as possible. There is no solid reason for having such dramatic and erratic changes in
tension. I know why. It is very hard and time consuming to play with diameters and unit weights.
It is also expensive.
The number of strings to try and the order in which the trials are done is very time consuming with
bad results outnumbering acceptable results.
The Arch shape was not used because the designer felt that creating long string lengths growing
logarithmically would be awkward and not as playable. I do not agree with that suggestion. So in
order to achieve the desired pitch using tension, unit weight and length produces the arch shape,
but without the precision of the parameters all growing chromatically.
Tuning Again
Keep in mind that when in the act of stringing, each string is done one after another and is brought
to some tension. Sometimes a string will be selected and brought into tune and then the next string
installed will be higher or lower by an octave. This makes the strings respond to the fine tuning
to come. The human ear is the final arbiter. Get the strings firm and not sloppy at the beginning of
tuning. Use a good electronic tuning aid, if any doubt exists.
Once the strings firmly respond and are not loose, the tuning proceeds in earnest. Each string in
turn is brought as close as possible one after another to the expected pitch. There is no attempt to
force a single string to final position too quickly. It’s an iterative process that slowly moves closer
to the designated pitch. With 36 strings, it is probable that a number of tunings will be necessary
over a couple of weeks’ time.
The strings have to lose their ‘memory’ and start to work as a group. The process is repeated again
and again until each string is at the accepted exact pitch in Hz achieved. This is often done by the
use of a good electronic tuner. Even if your ear is good, get a tuner. You can lay it on the floor
freeing your two hands for work with the harp itself.
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Figure 38
A Good Chromatic Tuner of $100 or so.
A good turner will locate the desired pitch in a few iterations, but how the string responds has to
be studied too. Often the movement of a dial indicator will show how the instrument is responding
to the tuning of a single string. I use a Boss TU-12H and also an Oscilloscope to monitor the
quality of the sound wave.

Figure 39
Checking the Pitch Wave with a Scope
Notice the total tension of the Celtic Harp strings is 660.118 pounds which is normal strain on the
strings and also the sound box and sound board where most repairs are required.
Luthiers, those who make and restore stringed instruments, pay a lot of attention to high tension.
It is destructive over time.
The Graph, Figure 34, above for the Bernoulli Involute string length shows the perfect string to
string smoothness. The lengths were computed using the 12th root of 2 or .05946…
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Figure 40
Harmonics
The above graph shows the note E3 in Purple at 164.814 Hertz and the note A4 at 440 Hertz in
Blue. When played together they produce the Green Harmonic.

Comparison of Scales

Figure 41
Pitch Changes for Various Scales. Note Chromatic in purple with 12 values
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Shown in the above Figure are 4 different scales. The Chromatic Scale is noted on the right by
an arrow and is violet colored. It has 12 notes, while the others have 7, 6 and 5 moving left to
right.
Looking at the graphs there is only one scale that is smooth and without discontinuities of
curvature. A discontinuous curvature means that the curvature circle’s center changes from one
side to the other of the curve. Notice that the violet curve following the logarithmic shape has
slightly different curvature at each point, but has no areas that force the curvature center to flip
back and forth between areas. Without flip-flops of the centers of curvature, we have a smooth
curve.
It is clear that the logarithmic curve is smooth and doubles in pitch after 12 notes. The 13th note
is double the first. It is the ideal scale to use in our endeavors. Now, on to the AVATAR to
sharpen our analysis tools.
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Chapter 6
Amplification
Possibly the most interesting aspect of the project concerned amplification and resonance. There
were three basic ways that I could consider for amplification. They are:
1. Utilize the shape and materials of the instrument to achieve a sound with good harmonics
and timbre. This is done wonderfully with grand Pianos, Violins, Guitars and of course
Harps. They use the sound chamber and board.
2. Use electronic magnification employing commercial products like humbuckers and piezo
pickups.
3. Use a combination of 1 and 2.
Tied closely to resonance, amplification can fail easily. A brief look at resonance can be obtained
by watching a master teacher expose the simple facts to us. Click Here
The piezoelectric effect was discovered in 1880 by two French physicists-brothers. Pierre, was
the husband of Marie Curie and Paul-Jacques Curie Pierre’s brother. They discovered the effect in
crystals of quartz, tourmaline, and Rochelle salt (potassium sodium tartrate). They took the name
from the Greek word piezein, which means "to press."
This property shows itself when the crystal is touched, hit or squeezed. An amazing property of
the crystal shows itself by producing a voltage from just a light touch. The Curie’s discovery lay
dormant for many years. Much later it was rediscovered by others. They learned that the
Piezoelectric crystals have a dual property. If an electric current is applied to the crystal it produces
an expansion of the crystals themselves. This very small expansion can be used to lift tremendous
weights over a small distance.
For an explanation of the Piezo Electric Effect view the
video. It’s quite a good story relying on the center of
charge and geometry. One feels that much more remains
to be discovered.
Richard Feynman had a good attitude about an
explanation like the one shown in the video. It is helpful
to admire an explanation, but it probably is not near the
whole story. Also, there may be a myriad of other
solutions which are correct, but quite different. This
difference between various solutions is not unusual. Each tentative solution yields a bit more of
the mystery. The larger story is probably revealed only at the quantum level.
Over time more and more uses of the Piezoelectric effect have been discovered. The clip on piezo
for guitars is a good example. Now in 2020 there are patent after patent on file describing
interesting applications. Many of these applications are used by us every day. Examples, are

64

transducers of all types like speakers, microphones, watches and the spark that occurs when you
light a barbecue with a device that produces a voltage and a spark over a gap.
Another advantage of the effect is its durability. It can be repeated over and over again without
diminishing its effects.

Figure 42

Figure 43

Make Piezoelectric Crystals at Home

How Industrial Piezoelectric Crystals are
Made

Since Bernoulli II is made of aluminum, it needed amplification by using Piezos. Bernoulli I used
a great Parabolic Dish with success. It could be heard being played blocks away. Aluminum could
not be avoided because of the strength and minimal weight needed in Bernoulli II. Of course I
could have built a sound box and board, but it would have lost its delicate shape. Remember, I
wanted a ‘singing sculpture’.
As for Bernoulli I it is made of wood and I am free to adjust the tonal effect with the paraboloid.

Figure 44 Paste on Piezo

Figure 45 Rod Piezo
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Figure 46
A Microphone Can Be Clipped on Many Musical Instruments.
One way to amplify is to use Rod Piezo Pickups. They are powerful. I designed in a slot for them
in Bernoulli II. This slot allows the bridge elements to ride on top of the rod. There are 36 of
them. The only difficulty foreseen was the wiring of all the pickups. The right way was to do it
is via Blue Tooth, but I opted for the simpler clip on pickup. I only use 4 of them. I only need 4
of them for the 36 strings. Bernoulli II is quite resonate.
I became interested in the Physics of Piezo amplification. To gain some familiarity with the
nuances may be helpful. The Piezo Effect is not so easily explained. Of course at each level of
explanation we find more detail and more secrets. I feel that there is much more hidden at the
subatomic level. Let me take you on a short journey to allow you to see what I saw.
The Piezo effect is all over the place in our homes, speakers and even sonar. Most of us who are
a bit older first met it on the family grill. Push a button, a snap is heard and the gas burner lights.
What happened?
The easy, but incomplete answer is: A transducer changed the energy push of our thumb on a
small piezo electric crystal and a very noticeable spark is made to light the gas. The electricity
jumps a gap and announces its arrival by a strong ‘SNAP’ sound. It never wears out unless your
push area breaks down because of sheer repetition or some outside agent such as high heat.
So, I’ve been experimenting over time with the Piezo Electric effect and continue to do so.
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Chapter 7
The AVATAR
An AVATAR is something visual used to represent non-visual concepts or ideas. A very good
model of a process is sometimes called an AVATAR. An AVATAR can give answers to questions
we have not asked or thought of by ourselves. A good AVATAR usually startles the observer in
some area not noticed beforehand.
In designing the Bernoulli family of musical instruments, I arrived at a single methodology. It
involves the relationships of:
Pitch, Tension, Unit Weight and String Length
This method allows me to do analysis and comparison with ‘real’ objects. I can compare test data
to the AVATAR’s results. I have no tools to do analysis on materials as yet.
Although the AVATAR might be useful in implementing the Diatonic Scale, I have not used it for
that purpose. I am concentrating on the 12 tone Chromatic Scale with a few comparisons with the
Diatonic Scale and the 7 tone Chromatic Scale.
Is this all there is to music? Four Measurable quantities?
Emphatically No! After all what we are interested in is the beauty of sound that the instrument
makes. There are much more than four values to understand in order to produce pleasing music.
We cannot forget that Orchestral Music contains many unique instruments. Sometimes music is
composed for instruments that are rare for full Orchestral or Symphonic music. For example, we
have not discussed tempo.
The legendary violins of Stradivarius, Guarneri and Amati depend upon many factors. But, even
with violins and Concert Harps, Pitch, Tension, Unit Weight and Length are very important and
they must work in unison. Keep in mind, Stradivarius lived between 1644 and 1734. Still, the
mysteries of his work persist. I am looking at stringed instruments in a pragmatic way. I’m trying
to find a methodology that will help me produce some new designs with ever more precise and
predictable characteristics.
The AVATAR is best suited to answering questions about Harps and Pianos. It can also be used
with the 7 tone scales as an analytic tool. It can be extended to Violins.
Further requirements are important too. The materials are vital as we all know. Proper aging of
the wood, glue type and finish play their rolls as does lamination direction. Presently these
physical properties are out of my reach. Shape is close at hand and a part of the AVATAR’s
purview.
If the instrument has a sound box and board they are at the core of the sound the listener cherishes.
Size, shape, material and manufacturing technique are studied intensely by Luthiers. YouTube is
replete with excellent tips on instrument making and repair Sound chambers are of particular
importance in producing the desired resonance. The position of the sound hole is important too.
67

Sometimes old violins will have separations of wood and they must be cleated from the inside.
The cleats can produce subtle sonic changes in what reaches the human ear. The inside of a violin
has doubly curved surfaces that serve to amplify and enrich sound. Sometimes imperfections on
the inside produce sound that is not pleasant.
I have met Luthiers who have spent many years in specialized training, sometimes in Europe with
an apprenticeship lasting over many years. If they devoted the same time to medicine, they would
be able to hang out a medical shingle. They are careful and conservative in their willingness to
experiment, just like a good doctor. Some of their instruments take a year and more to make and
they have skills acquired from many sources to create their music.
When a single instrument requires a year or more to make, undue experimentation is not included
due to risk. Luthiers, except for a few, do not always produce their best. Also, wasted effort on a
poor quality experimental violin is to be avoided.
I am not familiar enough with the trade to know if they do or don’t disclose their secrets in depth
to others or write them down for posterity. We see publications that hint at deeper sharing. Some
things are held close to the heart for sure. I know that from experience. I suspect they don’t reveal
much to strangers. Looking at their web sites is not very informative. I guess that their secrets for
the most part go with them. Again, YouTube is full of tutorials on making stringed instruments
and it is responsible for a rebirth in old instruments discovered in dusty attics.
One of the best places to find innovation is in the cigar box guitar builders suppliers. They, as a
group, jump ahead with technology or at least ride along with it. The Cigar Box People are quite
open to innovation. They are innovative and generous in disclosing some new techniques. A
glance at www/CBGitty.com is an example.
I once called upon a Luthier couple. They had both studied in Europe. I was engaged in
conversation with both of them. The woman, all the while we talked, rubbed one finger on a cello.
She was soon to apply the finish. She was using a very light grit to prepare the instrument for the
next stage of their process. As we talked, she worked.
Working with materials can be managed by following the lead of the past or by observing those
who are successful in the present. Canadian Maple and Alaska Spruce of the best quality are used
for Harps by many, if not most. These woods are cherished in Europe. They do not grow these
trees in their home countries and often go to North America as a source.
Looking at a 5000 year history of the Harp, its shape is still recognizable from archaeological
discoveries. So it has not morphed too far from its origins.
It is a ‘whatever works’ process that copies itself year after year with modest, but important
changes. Hundreds of Harps can be made, looked at and measured over a lifetime by a good
Luthier working alone steadily.
The combinations are many, but without a method they can veer off just a bit resulting in a poor
sounding instrument.. If the designer does not understand what an adjustment will do or has done,
chaos takes over and the design fails or staggers along following a not well understood path.
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Harp makers stick to what worked in the past. Who can blame them? They are constantly trying
to improve their methods, but cannot afford to include potentially dangerous innovative and risky
detours with a multitude of changes. Using intuition is dangerous in a complex and ancient
process. With very skilled instrument makers, progress can and does take place, but very slowly.
Much experimentation can occur relative to the shape of the sound board and chamber. Skilled
artisans are good at this. But still, it is an iterative process and very time consuming. The four
values Pitch, Tension, Unit Weight and String Length are not as easy to sort out as one might think.
Too many combinations exist. Techniques to test results require expensive equipment. To make
a dramatic change is dangerous. The four values, Pitch, Tension, Unit Weight and String Length
have one outstanding characteristic. They can be measured! Ah, you say. That seems obvious,
but as we have seen, we often cannot measure all we want to in the process of making an
instrument. Remember the words we have struggled with so long. We had trouble measuring
those key terms.
What I was determined to do was understand the many combinations that are possible. I became
convinced by reviewing data that the number of combinations are too difficult to manage without
an overall rationale and plan. This can be facilitated by the AVATAR. The characteristics of
wood and glue can be measured too, but they are much more ephemeral.
Some of the Luthiers use Excel Spread Sheets to get some sort of meaning out of it all. They seem
to trade these tools. They use formulas that are on the Internet. These measurements (of materials
and values) are at best not too useful. They could be, but are not presented as a whole with all
values reacting together. We have to remember that the four key values Pitch, Tension, Unit
Weight and String Length are tightly related. The AVATAR shows this clearly.
Some of the formulas are marginally useful, but without targeted method, they are not too reliable.
Tension is studied most because it destroys instruments. Designers must not guess, but must know
the breaking points of the strings they use and the strength of their instruments to withstand these
forces. Stretching a string out of its comfort zone results in a sound that is not pleasing. The string
may not recover from over-stretching.
I thought that making an AVATAR could be very useful. If I could accurately control Pitch,
Tension, Unit Weight and String Length for each string, then I could concentrate on the other
aspects of making a musical instrument.
I had noticed a strange discontinuity between one adjacent string to another in real musical use.
Each might be on Pitch, but somehow act and sound differently from their neighbors. Often strings
will ‘ring’ together. Sometimes this is beneficial, but often is called a rogue string. If it is too out
of sync with its immediate neighbors it rings impatiently and becomes an annoyance and is
replaced. It is very much like listening to a singer whose voice is on pitch, but somehow different
when paired with another singer.
I once knew a singer who did a concert with a baritone. I obtained the master recording.
Individually they were fine, but together they were not. She had the superior voice and delivery.
I pointed this out to her. I think she did not believe me, even after the demonstration I gave her.
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The human ear has the ability to sort out the two voices and concentrate on only one or both at the
same time. This is called resolving the sound. She was resolving her own voice and not
concentrating on both at the same time, which the human ear can do. A singer certainly must
concentrate on their own voice, checking in with the others sounds from instant to instant as
needed.
We can recognize all the instruments of a Symphony Orchestra at once with our wonderful ability
to resolve with our ears. The eyes are less acute and cannot resolve an image sorting out all the
colours but the human ear can resolve as many as 16.6 octaves on an instrument that can produce
that range.
I hooked up a scope to illustrate the conflict of the two voices singing together. It was clear as day
to me. Her very well developed ear was concentrating on her own voice and not both voices
together. The result of both of them together was ‘iffy’. Their solos were fine, with hers better. I
don’t think I ever convinced her of the incompatible voices. It is understandable.
It is my impression that not all singers do well in a duet. Some like the Baritone do not cut through
and are drowned out by a more powerful Spinto voice. They are dwarfed by the orchestra too.
Their natural venue is being paired with a good piano player who knows the limitations of their
voice. Often the accompaniment is too strong. Great singers resist pairing with some voices or
instruments.
A great duet singer Nana Mouskouri sings with Julio Iglesias singing La Paloma. Notice how her
voice rides gently on top of his and the guitar background is vital, but almost invisible.
Incidentally she has sold more music than any other singer and is now over 80. Click Here for the
silky smooth duet.
In my example, the baritone should have ridden on top or beneath the voice of the Soprano playing
off her more penetrating voice. You see, I am getting into the swing of it with words like ‘iffy’,
Spinto, ‘rogue string’ ‘dead’ and ‘In Sync’. Where did I put that oscilloscope?
For background I studied the Luthiers’ Equation also known by a few as Taylor’s Formula. It deals,
yet again, with the four key values Tension, Frequency, Unit Weight and String Length. It is the
recognized Bible to integrate these values. It is not well understood, however.
The name Brooks Taylor (1685-1731) is famous to any beginning Calculus student as he was
known for his Taylor Series approximation. Others involved include: Johann Bernoulli (16471748), Isaac Newton (1642-1726) and Leibniz (1646-1716)
Taylor had a good many disputes with the Bernoulli family, one of whom is in our story as captured
by Dr. Maor’ whimsical dialog between Bach and Bernoulli.
Bernoulli and Taylor were on opposite sides of the dispute over the birth of the Calculus. Bernoulli
siding with Leibniz and Taylor with Newton. This dispute inflamed the mathematical and
scientific community for years. A large number of physical experiments and mathematical papers
published involve Taylor’s work. The Bernoulli’s protégé Leonard Euler (1707-1783) just went
on making mathematics ignoring any rift but firing off letters when he thought any member of the
mathematical community was on a tangent.
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Euler also dabbled in the mysteries of the vibrating string and came out strongly, when anyone
would make key errors in the analysis. At this time Euler was doing more mathematics than
anyone in the world.
It seems that anything I do eventually leads me to some member of the famous Bernoulli family,
whose decedents still live in and around Basel Switzerland in large numbers.
So, I thought of making an AVATAR for these controllable elements of the instrument based upon
a doubly curved shape. What is the background of that idea?
I have had extensive experience with doubly curved surfaces. I foresaw the Avatar as a doubly
curved surface. I did not know the shape it would take, but I did know, it would reveal itself in
good time.
I designed, wrote and used some of the elegant mathematics of doubly curved surfaces and their
use in ship hulls, cars, airplanes, dies, molds and even the Space Shuttle tiles. Professors William
Gordon of General Motors Research and Steve Coons of MIT along with Robin Forest of
Cambridge played a role in that area for me. They were pioneers and I was there helping to engage
the mathematics with the uses of it.
I hope to make the eyes see and the ears hear. They should work together. If I could design an
Avatar that would lead me to the right answers or a new range of possibilities, it would help greatly.
The Avatar would have to ‘speak’ to me in a vivid way that I could understand and translate into
something that sounds beautiful.
I thought of a doubly curved Surface that would represent all the aspects of the instrument that
depended upon the understanding of Pitch, Tension, Unit Weight and String Length. It had to be
an Avatar that would visually tell me what I needed to know about the combinations influenced
by these four areas of the design. Below is an AVATAR for Tenor C which is 130.813 Hz. It is
played with the Bernoulli Involute. Keep in mind each string has its own Avatar
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Figure 47
Avatar Picture Explained for Middle C Above
1.
2.
3.
4.

Pitch is the z-coordinate which is vertical showing from 0 to 2000 Hz.
Tension is the x-coordinate going from 0 to the middle 30s.
String Length is going to the left and is y.
Unit Weight is built into the Avatar. Unit Weight is in pounds. The units are very small
numbers and errors in their value have dramatic implications because of where UW occurs
in the mathematics. UW cannot be just guessed by the Luthier. It should be measured.
For Middle C a value of .00013419 might be used. This is the weight in pounds of the
string selected for this Pitch. The weight is for one inch of string and comes from the
manufacturer or can be measured by the Luthier.
5. The white line is the trace of a Pitch Plane cutting through the Pitch Surface at a constant
value of Z=261.626 Hz for Middle C The AVATAR can cut 36 or more sections through
the Pitch Surfaces one for each note of the 36+ strings. The Avatar shows the results one
at a time for each string. Every string has its own AVATAR. Each string’s UW, Length,
Pitch and Tension are brought forward by the AVATAR based upon user estimates. The
white line is a parabola. That’s right! Quite beautiful isn’t it. All the well-known
properties of the parabola are brought to our aid with this obvious mathematical fact.
6. The purple area shows a network or grid for the Pitch Plane. Gridding it is a good way to
highlight its ‘flatness’. This is much like creating a topographic map with 36 cuts through
the pitch surfaces that represent the strings. One cut for every pitch surface is what is
required. Keep in mind that every string’s pitch surface is different. We will publish all
36 strings in a simple animation. Click Here.
7. The Blue area is the Pitch Surface in a zone of low curvature. Any Pitch value in the blue
area and on the white line as it reaches the edge of the Pitch Surface indicates a well-chosen
string. The string will be easy to tune and easy to retain its tune. It is also important to
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review the family of intersections and make sure they move across the Pitch Surfaces in a
uniform manner. Notice the curvature with red being the highest and blue being the lowest
for 261.626 Hz. If a string’s white line shows up in those areas of high curvature the string
will be hard to tune and maintain tune. It will cause trouble with the quality of sound and
harmonics.
The graphic images produced by the AVATAR show that we are using the right string to
produce Middle C on exact pitch. Also, the geometry shows beautiful shapes and the area
in which Middle C ‘hits’ the blue Pitch Surface indicates that it will be a sweet sounding
note. Of course you can try to implement a bad string and it will be sour forevermore.
Often this is caused by using a string that has been damaged in forming or is simply not
right for the pitch.

Figure 48
The above AVATAR shows A4 with Pitch of 440 Hz
The concert pitch tone 440 Hz is interesting. It is used by the Conductor and Musicians to get
themselves as a group to be on pitch. The Pitch Plane intersects the Pitch Surface in the lower
center of the graph near 10 pound tension. The white line is far away from the high curvature
areas of the Pitch Surface. We always select the end of the white line on the tension axis as ideal.
The Avatar has produced all this information without any interaction with me.
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Figure 49
The AVATAR for B5 with the proper string selected.
B5 shown above is the shortest string of the 36. It is only 3.2 inches long, which is not unusual
for some instruments. Again the ideal point is far away from the areas of highest curvature, which
is good. Note that the Pitch Plane just ‘nicks’ the Pitch Surface between 2 and 3.2 in length and
low tension. Note also that the Pitch surface goes below the Pitch Plane to the left of the white
line’s intersection All is ok now for the selected string.

Figure 50
The AVATAR for B5 (see Figure 50 above)
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We have bad string selection this time. It is due to bad Unit Weight … in other words, a poor
string selection.
The Unit Weight for the B5 string is not correct in this visual presented by the AVATAR. The
white line shows us that we were using too much tension for the string in question. It is too heavy
and immediately shows the problem. A lighter string should be used.
It will be a so called dead string even though it is on pitch for any point picked on the white line.
The white line of intersection of the Pitch Plane with the Pitch Surface is in the high curvature area
as indicated by the nearby red area. It is apparent that the string does not suit the use intended. A
much lighter string is required. Any slight loss of tension will cause a drastic change it Pitch. The
note will not be effective. It will have little sustain. A lack of sustain is regularly connected to a
dull/dead string.

Figure 51
A Rough Wood Model of an Avatar
Again for a 36 frame AVATAR animation with one second frame intervals Click Here. for
Gaussian curvature is an intrinsic measure of curvature of a doubly curved surface, depending only
on distances that are measured on the surface, not on the way it is isometrically embedded in
Euclidean space.
We depict it by the changing hue of the colours on the Pitch Surface.
In order to get the Avatar’s Message across, I made in addition to computer generated images, but
also a wood model of a single string. This allows me to hand a person a single string Avatar which
is useful in teaching.
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Chapter 8
What did we Learn and What’s Next?
The goal of this little book was to understand in a rudimentary way how stringed instruments work
with various strings, scales and tuning. We asked the question: What is a truly Chromatic
Instrument? The method involved is deeply connected to Taylor’s formula. Any modification
using Taylor’s Formula is immediately valid in our analysis and in the concept of an AVATAR.
We answered our own question “What is a Truly Chromatic Instrument?” It is one whose
fundamentals obey the rule of the 12th root of 2. That is, the string lengths, unit weight, tension
and pitch all grow by the 12th root of 2.
We also showed that we can construct other Chromatic Instruments that use other bases using the
nth root of 2 where the nth note + or minus 1 is double or half the pitch of the first.
We were able to construct a methodology wherein the AVATAR is able to predict in part the
success or failure of an instrument or certain aspects or weaknesses of an instrument. We showed
that string selection is vital. Some strings will work marginally well and we can show why that is
true.
The next Bernoulli will be named Bernoulli III. Two versions are shown in string only format
below. We can select either one of two choices. Bernoulli III will be built around this graceful
shape which is the true identifier of the Chromatic Scale. It will fit nicely in the lap, on a table or
floor pedestal. The shape results from the natural use of the Chromatic Scale.
We can also incorporate this shape in a Zither like-instrument of 36 strings
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Asymmetric Bernoulli III
The Asymmetric Bernoulli III has a number of advantages. Its length to width ratio will make it
easily transportable. Its narrowness make it reachable from many directions. The 36 strings
might respond played by a bow with no frets. In order to test this, we will have to mock up a test
to determine what rocking ability the instrument requires with a bow. Of course a simple pick or
the fingers will be fine. It has 36 strings.

The supporting frame will take on the logarithmic shape too. We will produce a sound box and
board producing some interesting over and under tones.
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Symmetric Zither type Harp with string layout only. Each string grows in length as the
12th root of 2 along with the other values.
The design of Bernoulli III is again chromatic with 36 strings producing a pleasing tone and
timbre. It will be compact and easy to move around. The strings only dimensions are Height 8.5,
Width 24.1632 Shortest string 3.2.
Other interesting stringed instruments are shown below along with comments.
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36” Mono-Chord Zither using Diatonic Scale

Small Lap Zither
The Bernoulli III design can be extended to take advantage of the features of the very popular lap
Zither of modest cost (less than $100) This instrument is easy to play using the 7 tone scale and
music templates. The white card is interchangeable for popular songs or compositions of your
own creation. It has a beautiful sound with lots of resonance. An amplifier can be added. The
adaptations proposed with amplification are as yet a bit weak in sound impact. The designer should
correct this.

Above is a larger Zither with higher quality design and manufacture.
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To see more of this elegant little instrument go to: https://www.jamesjonesinstruments.com/ To
hear the zither played by James Jones Click Here
The strings are selected well with diameters of 3,3,4,4,5,5,6,6,7,7,8,8,9,9,10 tuned to the key of G.
Mr. Jones charges about 65 dollars for this excellent little instrument. It has beautiful wood and
good strings. Note that not just one string is used, but 8 different ones with unit weights. Some
cheaper versions of this instrument use only a single diameter of string. This is audible to my ear
and I much prefer Mr. Jones version.
Another Possible Instrument

The Chromatic Scale visits another dimension
The intersection of the black straight lines (strings) and the white 3D log spiral fret together form
a new musical instrument inspired by Eli Maor’s book e:The Story of a Number. As in Bernoulli
I and Bernoulli II, a new octave occurs over a rotation of 360 degrees.
The concept of the Avatar has much to lend itself to engage us in further study. An example of
this is the idea of pulling on an Avatar string along the white line. The result of doing this will be
informative. We could animate what happens The Shape will ‘shimmer’ and much can be learned
by this.
Also striking two or more strings should be considered an important research project.

And here we are at the end of a journey. Glen Gould would expect more progress with innovative
instruments by this time. I suspect that the Bernoulli family and Bach would agree They are late,
but they will come. I have found many instruments of interest. Some of them are very ornate and
complicated. ‘Crisper’ designs are possible.
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